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This paper presents a comparative study of the proportional-integral (PI) control, sliding mode control
(SMC), and robust adaptive control (RAC) for applications to piezo-actuated nanopositioning stages
without the inverse hysteresis construction. For a fair comparison, the control parameters of the SMC
and RAC are selected on the basis of the well-tuned parameters of the PI controller under same
desired trajectories and sampling frequencies. The comparative results show that the RAC improves
the tracking performance by 17 and 37 times than the PI controller in terms of the maximum tracking
error em and the root mean tracking error erms, respectively, while the RAC improves the tracking
performance by 7 and 9 times than the SMC in terms of em and erms, respectively. © 2014 AIP
Publishing LLC. [http://dx.doi.org/10.1063/1.4876596]

I. INTRODUCTION

Recently, piezo-actuated stages receive more and more
attentions in a variety of nanopositioning applications.1, 2 The
key elements of piezo-actuated stages are piezoceramic actua-
tors (PCAs), which have excellent advantages of large output
force, high resolution, and fast response time. However, the
PCAs have the inherent hysteresis nonlinearity, severely de-
grading the accuracy of the piezo-actuated stages. In practice,
the maximum error caused by the hysteresis nonlinearity can
be more than 15% of the travel range if the PCAs operate in
the open-loop condition.3, 4

To remedy the hysteresis nonlinearity, many interesting
works have been reported in the literature. It has been shown
that a mathematical model could facilitate the controller de-
sign for hysteresis compensation.5 In this sense, the foremost
task is to develop a hysteresis model to characterize the hys-
teresis nonlinearity. Then, a feedforward inverse compensator
can be designed to cancel the hysteresis nonlinearity.6–9 Con-
sidering the fact that the inversion-based approach lacks of
robustness, feedback control is usually applied with the feed-
forward control for piezo-actuated stages.3, 10–12 However, the
hysteresis models are usually very complicated, which lead
to the great calculation costs of the inverse constructions,
even impossible to construct an analytical inverse. Instead
of constructing the inverse hysteresis models, some attempts
have been made to directly design feedback control laws for
hysteresis compensation, such as proportional-integral (PI)
control,13 sliding model control (SMC),14–16 and robust adap-
tive control (RAC).4, 17–19 Despite significant body of work
on the development of feedback control strategies without the
inverse hysteresis construction, the experimental comparative
study of them on a piezo-actuated stage is rare until now.

In this paper, we present an experimental comparison of
three feedback control strategies, i.e., PI control, SMC, and
RAC for piezo-actuated nanopositioning stages. The three

a)Electronic mail: guguoying@sjtu.edu.cn.

control strategies are designed with the hysteresis decom-
position method without constructing the inverse hysteresis
model. The SMC and RAC are presented to compare with the
PI control in this work because the PI controller is a basic
structure of the designed SMC and RAC. In experiments, the
control parameters of the three controllers are all selected on
the basis of the well-tuned parameters of the PI controller, and
the measurements are taken for each control method under the
same sampling frequencies and desired trajectories. Compara-
tive experimental results show that the RAC achieves superior
tracking performance for nanopositioning applications.

The contribution of this work is twofold. (i) With the hys-
teresis decomposition method, a real-time experimental com-
parison of the PI control, SMC, and RAC for piezo-actuated
stages is first presented in this work although the three control
strategies are known in the literature. (ii) In practice, there is
no rules to tune the parameters of the SMC and RAC. In this
work, the presented SMC and RAC are based on the PI con-
trol. The well-tuned control parameters of the PI controller
can be directly used in SMC and RAC, which provides a tun-
ing method for the practical applications of SMC and RAC.

The remainder of this paper is organized as follows.
Section II states the description and dynamic modeling of the
piezo-actuated stage. In Sec. III, the developed controllers are
presented, and comparative experimental tests are conducted
in Sec. IV. Finally, Sec. V concludes this paper.

II. DESCRIPTION OF THE PIEZO-ACTUATED STAGE

A. System setup

A schematic structure of the piezo-actuated stage to be
controlled in this work is shown in Fig. 1. The stage20 is
composed of a flexure-hinge-based mechanism driven by two
PCAs for decoupled XY parallel motion, where the end-
effector is connected to the base by four independent kine-
matic limbs and two types of compound flexure modules
are serially connected to provide two degree-of-freedom mo-
tion. The voltage amplifier with a fixed gain of 10 provides

0034-6748/2014/85(5)/055112/8/$30.00 © 2014 AIP Publishing LLC85, 055112-1
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FIG. 1. Schematic structure of a flexure-hinge-based mechanism.

voltage input in the range 0–100 V for the PCA of each axis.
The resultant motion produced by the platform is within a
workspace of 40 μm × 40 μm. This motion is measured by
the two-plate capacitive sensors and fed into an electronic po-
sition servo-control module. The output of this module is in
the range of 0–10 V with the sensitivity of 10 μm/V.

To control the stage, a dSPACE-DS1103 rapid proto-
typing control board equipped with 16-bit analog to digi-
tal converters (ADCs) and 16-bit digital to analog converters
(DACs) is utilized to implement real-time control laws in the
MATLAB/Simulink environment. Due to the characteristics
of the dSPACE, the control voltage of the designed controllers
for the voltage amplifier is normalized with respect to 0–10 V
range, while the real-time captured position of the capacitive
sensors is normalized with respect to 0–100 μm. In this work,
the sampling frequency of this system is set to 20 kHz. The
whole experimental platform is depicted in Fig. 2. It is worthy
of mentioning that the designed stage is well decoupled, thus
the two-axis motions can be treated independently. Therefore,
two single-input-single-output controllers can be designed for
x-axis and y-axis of the stage, respectively. Considering the
comparative objective of different control approaches, only
the treatment of x-axis motion tracking is presented in this
paper.

B. Hysteresis decomposition

As addressed in Sec. I, the challenge for control of the
piezo-actuated stage lies in the fact that the hysteresis non-
linearity of the PCA severely degrades the tracking perfor-
mance. In this work, we try to find a method suitable for fu-
sion with available control approaches to mitigate the effect
of hysteresis without the inverse hysteresis construction. For
this purpose, we adopt an approximate linear relationship to
capture the overall slope of the hysteresis curve and leave the

FIG. 2. A picture of the experimental setup.

unknown nonlinear term as a bounded disturbance to be well
compensated by the feedback laws.

In general, the hysteresis nonlinearity can be denoted as
the following operator

w(t) = H [v](t), (1)

where w(t) is the output of hysteresis, usually unmeasurable,
v(t) is the control input given to the PCA. As shown in Fig. 3,
the nonlinear hysteresis (1) can be decomposed into a linear
part K and a bounded nonlinear disturbance d.

Following this decomposition, the solution of the opera-
tor (1) can be expressed as

w(t) = H (v(t)) = cv(t) + d(v(t)). (2)

As an illustration, Fig. 4 shows the linear representa-
tion of the nonlinear hysteresis operator H [v](t) by (2) with
the nonlinear bounded disturbance d(v(t)) satisfying |d(v(t))|
≤ ρ. In the following, we will simply write d(t) to denote
d(v(t)).

C. Dynamic modeling

The dynamic model of the piezo-actuated nanoposition-
ing stage can be described by two cascaded parts in terms of
an input hysteresis nonlinearity and a linear dynamic plant,
which is schematically represented by Fig. 5. The block
Ĥ [v](t) takes care of the hysteresis nonlinearity, which has
been addressed in Sec. II B. The block G(s) is a lumped model

FIG. 3. Decomposition of the hysteresis nonlinearity.
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FIG. 4. Schematic representation of the hysteresis operator H [v](t) with a
linear relation to the input signal v(t) plus a nonlinear bounded term d(v(t)).

for the plant dynamics by a s-domain transfer function. As ad-
dressed in Refs. 4, 21, and 22, the linear dynamic model G(s)
can be represented in the Laplace domain as follows:

G(s) = kωn
2

(τs + 1)(s2 + 2ζωns + ωn
2)

, (3)

where s is the Laplace variable, k, τ , ζ , and ω are system
parameters.

Remark: It should be noted that the first-order pole of the
dynamic model (3) is introduced when the electrical behav-
ior of the voltage amplifier is considered for system modeling
of the piezo-actuated nanopositioning stage.4 The reader may
refer to Ref. 4 for the detailed modeling approach and discus-
sions.

To validate the model (3), the dynamic frequency re-
sponse of the stage is previously conducted using band-
limited white noise signals. The low-amplitude control volt-
age for the stage is restricted within 2 V to avoid distortion
from hysteresis as much as possible.17, 23 The experimental
bode plot is shown in Fig. 6. Using System Identification Tool
of MATLAB, the linear dynamic model (3) is identified as

G(s) = 2.352 × 109

(s + 400)(s2 + 283.1s + 2.291 × 107)
. (4)

For comparison, the frequency response of the identified
model (4) is also shown in Fig. 6, which implies that the third-
order model well captures the linear dynamics of the stage.
Note that the input and output signals of the frequency re-
sponse are normalized and a constant sensor delay is taken
into account. In the following development, we will show that

FIG. 5. Block diagram of the dynamic model of the piezo-actuated stage
with hysteresis decomposition.

the first-order model can capture the system dynamics within
the frequency of interest. Then, we will utilize a reduced first-
order model to illustrate the way to fuse the hysteresis model
with different control approaches for the comparative study.

To elucidate the first-order model response, an open-loop
step test is conducted. To restrict the influences of hystere-
sis nonlinearity over large displacements and creep nonlinear-
ity over long time periods,17, 23 small-amplitude step response
during the first 0.03 s is captured. Figure 7 shows a 0.1-V step
response of the piezo-actuated positioning stage which is indi-
cated by the blue solid line. Based on the characteristics of the
transient response, the plant dynamics can be well represented
by the first-order model response with the transfer function
104/(s + 400). In Fig. 7, the model simulation response in-
dicated by the red dashed line is compared with the exper-
imental response to verify the effectiveness of the model.
In addition, the first-order model response is presented in
Fig. 6 for a clear understanding of the following controller de-
sign. Therefore, combining (2), the identified dynamic model
of the piezo-actuated stage is expressed as

ẋ(t) + a0x(t) = b0(cv(t) + d(t)), (5)

where a0 = 400, b0 = 104, and c = 1.
Remark: It is worthy of mentioning that the following de-

veloped controllers can also be designed for the second-order
or third-order system. However, in such a case, much com-
plicated design procedures are required, which will dominate
the weights of the presented material. To balance and demon-
strate the advantages of the proposed control approach with
hysteresis decomposition in practice, the reduced first-order
model that captures the system dynamics within the frequen-
cies of interest is used to design the controller as an initial
illustration for the piezo-actuated nanopositioning stage.

III. CONTROLLER DEVELOPMENT

With the hysteresis decomposition method as shown in
Fig. 5, PI control, SMC, and RAC will be designed in this
section for a piezo-actuated stage (5). Figure 8 shows the con-
trol scheme of the closed-loop system. The control objective
is to design a control law for v(t) in (5) to force the plant po-
sition x(t) to follow a specified desired trajectory xd(t) in the
presence of disturbances.

A. PI control

With its three-term functionality covering treatment to
both transient and steady-state responses, PI control offers
the simplest solution and yet most efficient solution in some
applications.24 It has been widely applied for control of com-
mercial piezo-actuated positioning stages, for instance, in
Refs. 13 and 25 and reference therein.

A conventional PI controller can be implemented as
follows:

v(t) = Kp

[
e(t) + 1

Ti

∫ t

0
e(τ )dτ

]
, (6)
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FIG. 6. Frequency response of the piezo-actuated stage.

where e(t) = xd(t) − x(t) is the tracking error, v(t) is the con-
trol output, Kp and Ti are the proportional gain and integral
time, respectively.

B. SMC

The sliding surface is defined as

s(t) = (
d
dt

+ λ
)( ∫ t

0 x̃(r)dr
) = x̃(t) + λ

∫ t

0 x̃(r)dr, (7)

where x̃(t) = x(t) − xd (t) represents the tracking error, λ > 0
is the designed parameter such that the sliding mode on s = 0
is stable. It can be seen that (7) is equivalent to (6).

The control action of traditional sliding mode is discon-
tinuous in nature due to the switching control at the reaching
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FIG. 7. Step response of the piezo-actuated stage.

mode.14–16, 26 It may lead to the chattering phenomenon, thus
triggers the high frequency un-modeled dynamics. In order to
avoid the chattering phenomena, a tuning error is introduced

sε = s − εsat(s/ε), (8)

where ε is an arbitrary positive constant and sat( · ) is the stan-
dard saturation function defined as

sat(z) =
⎧⎨
⎩

1, for z ≥ 1
z, for − 1 < z < 1
−1, for z ≤ −1.

(9)

For convenience in presenting the designed control laws,
the following definitions are made:

θ = a0

b0c
, φ = 1

b0c
, (10)

where a0 and b0 are the system parameters in (5). It is neces-
sary to note that the following practical assumption is required
to develop the controllers.

Assumption: The extent of parameter uncertainties in (5)
satisfies

θ ∈ 
θ
�= {θ : θmin ≤ θ ≤ θmax}, (11)

φ ∈ 
φ
�= {φ : φmin ≤ φ ≤ φmax}, (12)

FIG. 8. Block of the closed-loop system (block C represents the developed
controller).
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where θmin, θmax, φmin, and φmax are some known real num-
bers.

With the above definitions, the control law of the SMC is
developed as follows:

v(t) = −kds + φ(ẋd (t) − λx̃(t)) + θx(t) − k∗sat(s/ε),
(13)

where ε is an arbitrary positive constant, kd > 0, and k∗ is
control gain, satisfying k∗ ≥ ρ

c
.

C. RAC

In the above SMC law (13), the system parameters (5)
are required as known constant. However, in real physical
systems, due to the modeling uncertainties the control law
may introduce an infinite gain in the feedback loop. To over-
come this drawback, it is desirable to estimate the parameters
on-line to handle the parameters uncertainties of the system
(5) for trajectory tracking.4, 17–19 For this purpose, an adap-
tive control law shall be integrated with the SMC into a RAC
strategy that can mitigate both the parameter uncertainties and
uncertain nonlinearities.

In presenting the RAC laws, the following definitions are
given:

θ̃ = θ̂ − θ, φ̃ = φ̂ − φ, (14)

where θ̂ is an estimate of θ , and φ̂ is an estimate of φ.
To estimate the system parameters, a projection operator

proj (̂z, −y) is utilized, which is formulated as

proj (̂z, −y) =
⎧⎨
⎩

0, if ẑ = zmax and y < 0
−y, otherwise
0, if ẑ = zmin and y > 0.

(15)

The control laws of the RAC are then developed as fol-
lows:

v(t) = −kds + φ̂uf d (t) + θ̂x(t) − k∗sat(s/ε), (16)

uf d (t) = ẋd (t) − λx̃(t), (17)

˙̂φ = proj (φ̂,−ηẋdsε), (18)

˙̂θ = proj (θ̂ ,−γ xsε), (19)

where ε is an arbitrary positive constant, kd > 0, and k∗ is
control gain, satisfying k∗ ≥ ρ

cmin
. In addition, the parame-

ters η and γ are positive constants determining the rates of
adaptations.

IV. EXPERIMENTAL RESULTS

To compare the controller performance, each control
strategy will be applied to the custom-built stage as shown
in Fig. 2. The developed control laws are implemented into
S-function files in MATLAB using C language for real-time
control purpose at a sampling frequency of 20 kHz.

FIG. 9. Normalized hysteresis loops of the piezo-actuated stage.

A. Open loop tests

Open loop tests of the piezo-actuated stage are first
conducted to obtain the bounded term ρ through the exper-
imental data. Figure 9 shows the normalized major-loop hys-
teresis curves captured by the dSPACE system under differ-
ent frequencies of the sinusoidal control input. We observe
that the piezo-actuated stage has severe hysteresis nonlinear-
ity in the open-loop strategy, where the maximum hystere-
sis height with respect to the full displacement range of the
piezo-actuated stage is about 40%. It cannot work well for
high-precision motion tracking applications without the de-
veloped control approaches applied on it. This work adopts an
approximate linear relationship to capture the overall slope of
the hysteresis curve and leaves the unknown nonlinear term
as a bounded disturbance to be compensated by the devel-
oped controllers. Before implementation of the control laws,
it is necessary to obtain the bounded term ρ with the prior
open-loop experimental data. According to the hysteresis de-
composition method addressed in Sec. II B, the value of ρ is
determined as ρ = 0.08 from the external hysteresis loop as
shown in Fig. 9.
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B. Comparative study

In this work, the parameters of the PI controller are prop-
erly pre-tuned using the trial and error method. The param-
eters are experimentally chosen as Kp = 1 and Ti = 0.0018.
It should be mentioned that the parameters of the PI sliding
surface in SMC are chosen the same as the ones of the PI
controller. The difference between PI control and SMC lies
on existence of the robust part in the SMC laws (13). In ad-
dition, k∗ is chosen as 0.2 and the other designed parameters
of the SMC law are selected as kd = 1, λ = 1/0.0018, and
ε = 0.025. Furthermore, comparing with the SMC law (13),
the RAC laws (16) have the same structure and differ only in
the projection operator based adaptive laws. In order to have
a fair comparison between the SMC and RAC, the designed
control parameters of the sliding mode part are selected as
kd = 1, λ = 1/0.0018, k∗ = 0.2, and ε = 0.025, which are
the same in the PI control and SMC laws. For the adaptive
part, the parameters η and γ determining the rates of adapta-
tions are chosen as η = 5 and γ = 500. Moreover, the initial
values for the system parameters are set to θ̂ (0) = 400/104
and φ̂(0) = 1/104, which are the nominal values used in the
SMC law. The bounds of the parameter variations are es-
timated as θmin = 0.5, θmax = 5, φmin = 0.001, and φmax

= 0.03. Therefore, the designed parameters of RAC are the
same with the ones of SMC, and the only difference from
the SMC is the adaptive law to estimate the plant parameters
on-line.

For the desired trajectory shown in Fig. 10, Fig. 11 shows
the tracking errors with the PI control, SMC, and RAC. For
quantified comparison, the maximum tracking error em and
the root mean tracking error erms are depicted in Fig. 12. It can
be seen that the RAC improves the tracking performance by
17 and 37 times than the PI control in terms of em and erms, re-
spectively, while the RAC improves the tracking performance
by 7 and 9 times than the SMC in terms of em and erms, respec-
tively. Furthermore, Fig. 13 shows the relationship between
actual and desired position. It can be obtained that the maxi-
mum resulting hysteresis errors are about 10%, 3%, and 0.5%
of the full displacement range with the PI control, SMC, and
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FIG. 10. Desired trajectory.
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FIG. 11. Comparisons of tracking errors with PI control (indicated by the
solid blue line), SMC (indicated by the dashed red line), and RAC (indicated
by the dotted black line).

RAC, respectively, which also demonstrates the outperform-
ing performances of the RAC.

C. Discussion

The experimental results show that the PI control has the
worst tracking performance. However, the PI control is yet
the simplest approach to be implemented. Significantly, bet-
ter results are achieved by using the SMC and RAC with the
robust control action. The limitation of the SMC is the use
of the fixed nominal system parameters. With the introduc-
tion of the adaptive control action, the system parameters can
be estimated on-line to handle the plant uncertainties. Thus,
the RAC achieves best tracking performance verified by ex-
perimental results. To further elucidate the characteristics of
different control approaches, comparative experimental tests
are conducted under desired trajectories with different fre-
quencies. Table I lists the tracking performances of the three
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FIG. 12. Comparison of the tracking performances of different controllers
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 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitationnew.aip.org/termsconditions. Downloaded to IP:

202.120.28.9 On: Fri, 23 May 2014 16:47:43



055112-7 G.-Y. Gu and L.-M. Zhu Rev. Sci. Instrum. 85, 055112 (2014)

FIG. 13. Actual versus desired position with different controllers.

controllers with em and erms. It can be observed that with in-
creasing input frequencies, the tracking errors increase as well
since the high-order dynamics of the system is not considered
in this work, which will be recognized as a future work. Over-
all, the comparative studies demonstrate that the RAC suffi-
ciently improves the tracking precision and outperforms the
SMC and PI control for nanopositioning applications.

TABLE I. Tracking performances of PI control, SMC, and RAC with the
20 μm p-p displacement range under different trajectory frequencies.

Frequency (Hz) Controller em (nm) erms (nm)

0.5 PI control 176.7 120.6
SMC 78.2 34.3
RAC 19.0 4.4

1 PI control 345.3 238.3
SMC 147.2 68.0
RAC 23.4 7.2

5 PI control 1773.7 1227.1
SMC 653.7 325.9
RAC 43.4 18.7

10 PI control 3627.3 2464.1
SMC 1248.3 640.2
RAC 86.1 40.5

V. CONCLUSION

A detailed comparison of three feedback control ap-
proaches with the PI control, SMC, and RAC has been
presented for applications to piezo-actuated nanopositioning
stages. The control approaches considered in this paper are
designed without constructing the inverse hysteresis model.
In experiments, the designed control parameters of different
controllers are all based on the designed parameters of the PI
controller, and the measurements are taken for each control
approach under the same sampling frequencies and desired
trajectories. Comparative experimental results show that the
RAC achieves superior tracking performance than the SMC
and PI control for nanopositioning applications.
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