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Abstract—This paper presents a modified Prandtl–Ishlinskii
(P-I) (MPI) model for the asymmetric hysteresis description and
compensation of piezoelectric actuators. Considering the fact that
the classical P-I (CPI) model is only efficient for the symmetric
hysteresis description, the MPI model is proposed to describe
the asymmetric hysteresis nonlinearity of piezoceramic actuators
(PCAs). Different from the commonly used approach for the
development of asymmetric P-I models by replacing the classical
play operator with complex nonlinear operators, the proposed
MPI model still utilizes the classical play operator as the elemen-
tary operator, while a generalized input function is introduced to
replace the linear input function in the CPI model. By this way,
the developed MPI model has a relative simple mathematic format
with fewer parameters to characterize the asymmetric hysteresis
behavior of PCAs. The benefit for the developed MPI model also
lies in the fact that an analytic inverse model of the CPI model can
be directly applied for the inverse compensation of the asymmetric
hysteresis nonlinearity represented by the developed MPI model in
real-time applications. To validate the developed MPI model and
the inverse hysteresis compensator, simulation, and experimental
results on a piezoceramic actuated platform are presented.

Index Terms—Asymmetric hysteresis nonlinearity, inverse hys-
teresis compensation, modified Prandtl–Ishlinskii (P-I) (MPI)
model, piezoceramic actuator (PCA).

I. INTRODUCTION

P IEZOELECTRICITY is the electromechanical phenome-
non of strong coupling between the electrical properties

and mechanical properties of some piezoelectric materials.
Mechanical stresses in the piezoelectric materials produce mea-
surable electric charge, which is referred to as the direct piezo-
electric effect. Conversely, mechanical strains are generated
in response to an applied electric field, and this is called the
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Fig. 1. Schematic illustration of the feedforward control technique for hys-
teresis compensation.

converse piezoelectric effect. In general, the direct effect is the
basis for sensing applications, and the converse effect is used
for precision actuation and manipulation in control applica-
tions. Due to the excellent advantages of large output force,
high bandwidth, and fast response time, piezoceramic actuators
(PCAs) made of piezoelectric materials have been widely used
for a long time in nanopositioning applications [1]–[4] such
as scanning probe microscopes, nanoimprint equipment, and
micro-/nanomanipulations. However, piezoceramic materials
suffer from the strong hysteresis effect. It can significantly
degrade the performance of the PCAs which leads, in the best
case, to reduce the motion accuracy and, in the worst case, to
destabilize the control system [5]–[9].

To address such a challenge, many efforts have been made
to compensate for the hysteresis nonlinearity in PCAs. Feed-
forward control is the most common used approach [10], [11].
The main idea of the feedforward control approach is to develop
a mathematical model that describes the complex hysteresis
nonlinearity and, then, to implement a feedforward controller
based on the inverse hysteresis model to linearize the actuator
response, which can be schematically shown in Fig. 1. It refers,
in particular, to the utilization of a hysteresis model accurately
describing the hysteresis nonlinearity. As a matter of fact,
there are two kinds of hysteresis modeling approaches, which
are the physics-based hysteresis models and phenomenological
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Fig. 2. Asymmetric hysteresis loops of a PCA.

hysteresis models. The physics-based models [12], [13] are
derived on the basis of a physical measure, such as energy,
displacement, or stress–strain relationship, while phenomeno-
logical hysteresis models [14]–[16] are constructed from the
experimental data without considering the physical property of
the actuator. Readers may refer to [17]–[21] and the references
therein for reviewing recent studies on hysteresis modeling.
A popular phenomenological hysteresis model adopted for the
hysteresis modeling and compensation of PCAs is the Preisach
model [6], [22], [23]. The main limitation is that the Preisach
model is not analytically invertible. Thus, numerical methods
are generally adopted to obtain approximate inversions of the
Preisach model [24]–[27]. As a subclass of the Preisach model,
the Prandtl–Ishlinskii (P-I) model [28] is an alternative effective
method to describe the hysteresis nonlinearity by a single
threshold variable together with a density function. Compared
with the Preisach model, the main advantages of the P-I model
are the reduced modeling complexity and the analytical inverse
for the P-I model, thus making it more efficient for real-time
applications [29]–[33]. However, the classical P-I (CPI) model
is limited to the symmetric hysteresis description. It cannot be
utilized when an asymmetry exists in the hysteresis loops, such
as those observed in the input–output relations of the PCAs
depicted in Fig. 2. In an attempt to overcome this drawback of
the CPI model, researchers have proposed several variations of
P-I models for characterizing the asymmetric hysteresis loops.
Kuhnen [34] in the first time proposed dead-zone operators cas-
caded with the classical play operator to describe the asymmet-
ric hysteresis nonlinearity. Instead of using the symmetric play
operator, Dong and Tan [35] utilized an asymmetric backlash
operator as the elementary operator for asymmetric hysteresis
modeling. As another choice in [36], two asymmetric operators
were utilized for the ascending and descending branches of
hysteresis loops, respectively. Using two nonlinear envelope
function-based play operators, a generalized P-I model [18]
was proposed to describe a more general class of hysteresis
loops which are observed in magnetostrictive actuators or shape
memory alloy actuators. These reported works [18], [34]–[36]
for P-I models generally replace the classical play operator

by modified or nonlinear play operators with more complex
formats under different conditions, and experimental results are
applied to verify the effectiveness of the asymmetric hysteresis
representation and compensation.

In this paper, a novel modified P-I (MPI) model that origi-
nates from the CPI model is developed to describe the asym-
metric hysteresis nonlinearity of PCAs. In contrast, to change
the formulation of the play operators as reported in [18] and
[34]–[36], the classical play operator is still utilized to serve
as the elementary operator in the developed MPI model, while
a generalized input function is introduced to replace the linear
input function in the CPI model. Thus, the hysteresis shapes
can be determined by not only the weighted play operators but
also the generalized input function. The main advantages of
the developed MPI model lie in the following facts: 1) Rather
than using the nonlinear dead-zone operators or the modified
or nonlinear play operators, the classical play operator is still
utilized in the MPI model to serve as the elementary operator;
2) the MPI model has a relative simple mathematic format
with fewer parameters to describe the asymmetric hysteresis
behavior of PCAs; and 3) an analytic inverse of the MPI model
can be directly derived from the inverse of the CPI model for
the purpose of the feedforward hysteresis compensation in real-
time applications. To validate the developed MPI model and the
inverse hysteresis compensator, simulation and experimental
results on a piezoceramic actuated platform are presented.

The remainder of this paper is organized as follows.
Section II introduces the MPI model and its analytical inverse.
Section III presents the simulation verification of properties of
the developed MPI model. Finally, the experimental validation
of the developed MPI model and its inverse hysteresis com-
pensator on a piezoceramic actuated platform is presented in
Section IV, and Section V concludes this paper.

II. MPI MODEL

Before introducing the proposed MPI model, the CPI model
is first reviewed in brief.

A. CPI Model

The CPI model [28] is a famous operator-based phenomeno-
logical model, which utilizes the weighted play operators and a
linear input function to describe the hysteresis nonlinearity. The
play operator is the basic hysteresis operator with symmetric
and rate-independent properties. The 1-D play operator can be
considered as a piston with a plunger of length 2r. The output
w is the position of the center of the piston, and the input is the
plunger position v. According to the definition in [28], the play
operator w(t) = Fr[v](t) with a threshold r for any piecewise
monotone input function v(t) ∈ Cm[0, tE ] is expressed as

w(0) =Fr[v](0) = fr (v(0), 0)
w(t) =Fr[v](t) = fr (v(t), w(ti)) (1)

for ti < t ≤ ti+1, 0 ≤ i ≤ N − 1, with

fr(v, w) = max (v − r,min(v + r, w)) (2)

where 0 = t0 < t1 < . . . < tN = tE is a partition of [0, tE ]
such that the function v(t) is a monotone on each of the
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Fig. 3. Input–output relationships of the play operator (1).

Fig. 4. Input–output relationships of the OSP operator (3).

subintervals [ti, ti+1]. The argument of the operator (1) is
written in square brackets to indicate the functional dependence
since it maps a function to another function. The play operator
has the rate-independent property, i.e., the output of the play
operator is only influenced by the current input value and
the past extrema of input function v(t) while the velocity of
input variation between each extreme shall not affect the shape
of the output. As an illustration, Fig. 3 shows the transfer
characteristics of the play operator (1).

Consider the fact that the PCAs have the positive excitation
nature. Rather than using the play operator in (2), a one-side
play (OSP) operator is adopted in this work. The OSP operator
For[v](t) with a threshold r ≥ 0 for any piecewise monotone
input function v(t) ∈ Cm[0, tE ] is defined as

w(0) =For[v](0) = for (v(0), 0)

w(t) =For[v](t) = for (v(t), w(ti)) (3)

for ti < t ≤ ti+1, 0 ≤ i ≤ N − 1, with

for(v, w) = max (v − r,min(v, w)) (4)

for 0 = t0 < t1 < . . . < tN = tE . For comparison, Fig. 4
shows the transfer characteristics of the OSP operator (3).

Remark: It should be noted that the advantage for choosing
the OSP operator lies in that, when describing the hysteresis
nonlinearity, we avoid to calculate the expression of v + r at
each threshold r. The following simulation and experimental
results will further demonstrate that, with the OSP operator,
the proposed MPI model is good enough for the asymmetric
hysteresis description of PCAs.

The CPI model utilizes the aforementioned OSP operator
For[v](t) to describe the relationship between the output yc and

Fig. 5. Hysteresis loops generated by the CPI model (5).

the input v as [28], [29]

yc(t) = P [v](t) = p0v(t) +

∫ R

0

p(r)For[v](t) dr (5)

where p(r) is a density function that is generally calculated
from the experimental data and p0 is a positive constant. The
density function p(r) generally vanishes for large values of
r, while the choice of R = ∞ as the upper limit of integra-
tion is widely used in the literature for the sake of conve-
nience [18], [30].

Remark: It should be noted that there is no general criterion
for the selection of the density function p(r). Generally, it
is completely selected by the designer. Once the structure of
the density function p(r) is fixed, the parameters involved in
the density function shall be determined by identification from
experimental data in order to best reflect the shapes of the
hysteresis exhibited in PCAs.

From (5), the CPI model is defined in terms of an integral of
the OSP operator For[v](t) with a density function p(r) and
an linear input function p0v(t). According to the symmetric
properties of the play operator and the linear function, the
CPI model can only be used to characterize the symmetric
hysteresis nonlinearity. As an illustration, Fig. 5 shows the
hysteresis loops generated by the CPI model (5) with p0 =
2.42, p(r) = 5e−0.505(r−1)2 , r ∈ [0, 1], and the input v(t) =
0.5 + 0.5 sin(3t)/(1 + t). It can be observed that the generated
hysteresis loops in Fig. 5 are symmetric. However, the real
hysteresis nonlinearity of the PCA exhibits the asymmetric
shape as shown in Fig. 2. Therefore, the CPI model yields con-
siderable errors for the description of the asymmetric hysteresis
nonlinearity. One of the motivations of this work is to find an
effective model that can accurately represent the asymmetric
hysteresis nonlinearity of PCAs.

B. MPI Model

Considering the fact that the CPI model is developed for
the symmetric hysteresis description, a novel MPI model is
proposed in this work to characterize the asymmetric hysteresis
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behavior of PCAs. It is worthy of mentioning that, although
several models [18], [34]–[36] have been reported to overcome
the drawback of the CPI model that can only describe the
symmetric hysteresis, the developed MPI model in this work is
different from them. Analyzing the structure of the CPI model
(5), it consists of two parts. The first part is a linear input
function p0v(t), and the second one is the integral of the OSP
operator For[v](t) with a density function p(r). According to
the two-part structure of the CPI model, the previous reported
models in [18] and [34]–[36] focus on the modification of play
operators in the second part with more complex formats under
different conditions. In contrast, to change the play operator,
we develop a model to modify the first part of the CPI model
with a generalized input function, keeping the second part the
same with the CPI model. One reason for this alternative choice
is motivated by the fact that the classical play operator is still
utilized to serve as the elementary operator. In such a way, the
developed MPI model has a relative simple mathematic format
with fewer parameters to characterize the asymmetric hysteresis
behavior of PCAs. Another advantage is that an analytic inverse
of the MPI model can be directly derived from the inverse of
the CPI model for the real-time feedforward hysteresis com-
pensation, which will be shown in the following development.

In this paper, the proposed MPI model is formulated as

yg(t) = Pg[v](t) = g (v(t)) +

∫ R

0

p(r)For[v](t) dr (6)

where g(v(t)) is a generalized odd input function with the
memoryless and locally Lipschitz continuous properties and
p(r) and For[v](t) are defined the same as the ones in the
CPI model (5). Since the polynomial function [37], [38] is
generally recognized as an effective choice to describe the
hysteresis loops, a third-degree polynomial input function
g(v(t)) = a1v

3(t) + a2v(t) with two coefficients a1 and a2 is
utilized in the developed MPI on the asymmetric hysteresis
characterization of PCAs.

Comparing (6) with (5), the difference between the MPI
model and the CPI model lies on the selection of the input
function g(v(t)). If g(v(t)) is selected as g(v(t)) = p0v(t),
the MPI model can be directly reduced to the classical one.
Therefore, the CPI model can be considered as a special case
of the MPI model. The benefit for choosing the generalized
input function g(v(t)) (a third-degree input function in this
work) is that the proposed MPI model can characterize the
real hysteresis nonlinearity of the PCA with the asymmetric
behavior. To elucidate this advantage of the MPI model, Fig. 6
shows the hysteresis loops generated by the MPI model (6) with
g(v(t)) = −v3(t) + 2.42v(t). It is worthy of mentioning that
the density function p(r) and input v(t) are chosen the same
as the ones used in the CPI model that generates the hysteresis
loops in Fig. 5. As a contrast, it is the polynomial input function
g(v(t)) that makes the MPI model accommodate a more gene-
ral class of hysteresis shapes with the asymmetric behavior.

Remarks:

1) Due to the rate-independent characteristic of the OSP
operator and the generalized input function, the proposed
MPI model is a rate-independent hysteresis model like

Fig. 6. Hysteresis loops generated by the MPI model (6).

the previous reported models in [18], [32], and [34]–[36],
which can describe hysteresis loops that are invariant with
respect to the frequency of the input.

2) It should be noted that the developed MPI model is
formulated by (6), where the asymmetric part is generated
by the selection of g(v(t)). A third-order polynomial
is chosen due to the fact that it can present reasonable
complicated shapes of the hysteresis, taking into consid-
eration of the inverse calculations and number of param-
eters. Furthermore, the third-order polynomial [37], [38]
is generally recognized as an effective choice to describe
the hysteresis loops. Certainly, the selection of g(v(t)) is
not unique, and other forms can also be chosen. For the
development of this paper, a form has to be fixed, and we
select a third-order polynomial due to the aforementioned
reasons.

C. Inverse MPI Model

The main idea of the inverse hysteresis compensation is
to cancel the hysteresis nonlinearity by cascading the inverse
hysteresis model with the real hysteresis as shown in Fig. 1.
In the above section, the MPI model is developed based on the
CPI model to describe the asymmetric hysteresis nonlinearity.
In this section, we will show that the inverse of the CPI model
can also be directly applied to the MPI case.

In order to conveniently implement the real-time inverse
controller, the definition of the MPI model given in (6) can
be approximated in the form of a finite number of the OSP
operators as follows:

yg(t)=Pg[v](t)=a1v
3(t) + a2v(t) +

n∑
i=1

b(ri)Fori[v](t) (7)

where n is the number of the adopted play operators for model-
ing and b(ri) = p(ri)(ri − ri−1) is the weighted coefficient for
the threshold ri.

On the basis of the CPI model (5) and inspired by the work
in [6], the MPI model (7) can be re-expressed as the following
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Fig. 7. Signal flow chart of the inverse compensator P−1
g .

superposition:

yg(t) = Pg[v](t) = Pc[v](t) + P [v](t) (8)

where Pc[v](t) = a1v
3(t) is a new model component.

The synthesis of efficient real-time control algorithms for
the compensation of the asymmetric hysteresis nonlinearity
represented by the MPI model is based on the implicit operator
equation

v(t) = P−1[w](t) (9)

for the inverse compensator

v(t) = P−1
g [yg](t) (10)

where w = yd − Pc[v], yd(t) is the desired displacement, and
the inverse CPI hysteresis model [30]P−1 is used as a subsys-
tem expressed as

P−1[w](t) = â2w(t) +

n∑
j=1

b̂jFor̂j
[w](t) (11)

with

r̂j = a2rj +

j−1∑
i=1

bi(rj − ri)

â2 =
1

a2

b̂j = − bj(
a2 +

j−1∑
i=1

bi

)(
a2 +

j∑
i=1

bi

) . (12)

Fig. 7 shows the signal flow chart of the inverse compensator
P−1
g for the developed MPI model. By this way, the analytical

inverse hysteresis model of CPI [30] can be directly applied for
the asymmetric hysteresis compensation of PCAs described by
the developed MPI model.

III. VERIFICATION OF WIPING-OUT AND CONGRUENCY

PROPERTIES BY SIMULATION

The wiping-out and congruency properties are essential prop-
erties for the validity of the operator-based hysteresis models
[15], [28]. In the following development, we will show by
simulation that the proposed MPI model also fulfills these two
properties.

A. Wiping-Out Property

The wiping-out property refers to the nonlocal memoryless
behavior that the hysteresis output depends upon not only the

Fig. 8. Geometrical interpretation of the wiping-out property with the mem-
ory curve structure.

current input but also the previous dominant input extrema. In
other words, only the alternating series of the dominant input
extrema are stored by the hysteresis model, and all other input
extrema are wiping out. It can be shown that the developed MPI
model possesses this property.

Inspired by the validation approach of the wiping-out prop-
erty for the operator-based hysteresis models [15], [27], [28],
[39], the wiping-out property of the proposed MPI model
is asserted in a geometrical interpretation with the memory
curve structure. To this end, we first demonstrate that the OSP
operator possesses the wiping-out property. Suppose that an
input function v satisfies v0 = 0 at time t0. At this time, we have
For[v](0) ≡ 0 for r ≥ 0. Next, suppose that the input function
v is increased monotonically to a value v1 at time t1. By the
definition of For[v] in (3), For[v](t1) = max(v1 − r, 0) is the
line segment ABC as shown in Fig. 8(a). If the input is then
monotonically decreased from v1 to v2 at time t2, For[v](t2) =
min(v2, For[v](t1)) is the line segment DEBC as shown in
Fig. 8(b). Then, the input is monotonically increased from
v2 to v3 at time t3 satisfying v3 > v1, and For[v](t3) =
max(v3 − r, For[v](t2)) is the line segment A′B′C as shown
in Fig. 8(c). Thus, the memory behavior at time t is completely
described by the memory curve For[v](t). It is evident that
the dominant input extrema lower than v3 have been wiping
out. It can be concluded that the OSP operator possesses
the wiping-out property. In addition, the wiping-out property
follows the linear superposition [28], [39], and the introduced
input function g(v(t)) is odd and memoryless. Therefore, the
developed MPI model still fulfills the wiping-out property,
which can be further illustrated by the following simulation
example.
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Fig. 9. Simulation of the wiping-out property. (a) Input voltage. (b) Hysteresis
loops.

In Fig. 9(a), a special input function, having a given input
string sequence of extrema (0, v1, v2, v3, v4, v5), is chosen in
the simulation so as to verify the wiping-out property dis-
cussed earlier. When the input function and density function
are respectively chosen as g(v)(t) = −v3(t) + 2.42v(t) and
p(r) = 5e−0.505(r−1)2 , Fig. 9(b) gives the generated hysteresis
loops corresponding to the input history shown in Fig. 9(a).
In the output–input plane of Fig. 9(b), Pi = (v(ti), yg(ti)),
i = 0, 1, . . . , 5, represents the associated memories with the in-
put string sequence (0, v1, v2, v3, v4, v5). In the beginning, the
input v(t) starts from its initial value of 0 and quickly reaches its
first maximum value v1. The process takes the trajectory from
an initial point (0, 0) to memory point P1(v1, yg1) following the
−−→
0P1 curve of the hysteresis loops as shown in Fig. 9(b). After
that, the input v(t) decreases to its first minimum value v2,
and the corresponding output–input relationship switches into
the

−−−→
P1P2 curve. Subsequently, the input v(t) increases to its

second maximum value v3. Correspondingly, the output–input
trajectory of the hysteresis loops moves from point P2(v2, yg2)
to point P3(v3, yg3). Since the second maximum value v3

Fig. 10. Simulation of the congruency property. (a) Input voltage. (b) Hys-
teresis loops.

is lower than the first maximum one v1, i.e., v3 < v1, the
wiping-out phenomenon does not occur so far. Next, the input
v(t) decreases to the second minimum value v4, and this
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Fig. 11. Experimental platform.

Fig. 12. Schematic structure of the PCA-actuated 1-D flexure mechanism.

process corresponds to the
−−−−−→
P3P2P4 curve. At this moment, the

second minimum value v4 is lower than the first minimum one
v2, i.e., v4 < v2. The memory P2(v2, yg2) is wiped out by the
memory P4(v4, yg4). In the end, the input v(t) continues to
increase from v4 to its third maximum value v5. Since v5 >
v1 > v3, from Fig. 9(b), it can be observed that the memories
P1(v1, yg1) and P3(v3, yg3) are both wiped out by the memory
P5(v5, yg5). During this period, the hysteresis curve switches
to the

−−−−−→
P4P1P5 branch, and this process will not be affected by

any past maximum values because all the memories about the
past input maximum values have been completely wiped out.
Using this example, we can see that the MPI model successfully
fulfills the wiping-out property.

B. Congruency Property

The congruency property means that two minor hysteresis
loops corresponding to the the same input range are congruent.
By adopting the memory curve [15], [27], [28], [39], it can be
shown that the MPI model possesses the congruency property
as well.

For example, the input v(t) for validation is given in
Fig. 10(a). In this case, the input string sequence of input max-

Fig. 13. Block diagram of the experimental platform.

TABLE I
IDENTIFIED PARAMETERS OF THE MPI MODEL

Fig. 14. Identification errors with different selections of n.

TABLE II
QUANTIFIED COMPARISON OF PARAMETERS IN DIFFERENT MODELS

ima and minima is defined as (0, v1, v2, v3, v4, v5, 0), where
v1 = v5 and v2 = v4. Thus, the input ranges [v2, v1] and [v4, v5]
are the same. For the input voltage shown in Fig. 10(a), the
associated hysteresis loops generated by the MPI model are
given in Fig. 10(b). In Fig. 10(b), the lower minor hysteresis
loop 1 is caused by the input wavering between the values v2
and v1 in the ascending process, and the upper minor hysteresis
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Fig. 15. Experimental verification of the MPI model with a simple input signal. (a) Input voltage. (b) Displacement. (c) Error. (d) Hysteresis loops.

loop 2 is led by the input wavering between the values v4 and
v5 with the same range in the descending process. It can be
observed that one of the two minor hysteresis loops can exactly
overlap the other one if the loop 1 is shifted upside along
the vertical direction by 0.5593 unit without rotation, which
demonstrates that the two minor loops are congruent.

IV. EXPERIMENTAL VERIFICATION

In this section, an experimental platform with a piezoceramic
actuator will be established, and experimental tests shall be
conducted to verify the developed MPI model and the corre-
sponding inverse hysteresis compensator for the PCA with the
asymmetric hysteresis nonlinearity.

A. Experimental Setup

The experimental platform is shown in Fig. 11. It con-
sists of a host computer, a dSPACE-DS1103 controller board,
a PCA, a piezoelectric amplifier (PEA), a strain gauge po-
sition sensor, and a sensor signal conditioner (SC). The
host computer provides a user interface for the dSPACE-

DS1103 controller board. The dSPACE-DS1103 controller
board equipped with 16-b digital-to-analog converters and 16-b
analog-to-digital converters is adopted to generate control
codes and obtain the displacement information. The PCA is
a preloaded piezoceramic stack actuator (PSt 150/7/100 VS12
from Piezomechanik in Germany), which is used to drive the
1-D flexure hinge guiding stage (FHGS) with the nominal
75-μm displacement. Fig. 12 shows the schematic structure and
work principle of the PCA-actuated 1-D flexure mechanism,
where the double parallelogram flexure is adopted to remove
the parasitic motions. The PEA with a fixed gain of 15 is
used to provide excitation voltage for the PCA in the 0–150-V
range. To measure the real-time position of the PCA on the
nanometer scale, the strain gauge sensor (SGS) bonded to the
piezoceramic stack actuator is used in this work. Compared
with the capacitive sensor and linear variable differential trans-
former sensor, the SGS is a contact type sensor, which offers
high resolution and bandwidth [1], [40]. The output signals
of the SGS pass through the SC, which are simultaneously
sampled by the 16-b ADC for the dSPACE-DS1103 controller.
Fig. 13 shows the block diagram of the experimental platform.
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Fig. 16. Experimental verification of the MPI model with a complex input signal. (a) Input voltage. (b) Displacement. (c) Error. (d) Hysteresis loops.

B. Asymmetric Hysteresis Description Results

In practice, the threshold values ri in the MPI model (7) are
given by

ri =
i− 1

n
‖v(t)‖∞ , i = 1, 2, . . . , n (13)

with ‖v(t)‖∞ = 1 in the normalized case.
To experimentally validate the proposed model, the first step

is the identification of the model parameters. Due to the highly
nonlinear, high-dimensional, and multiple constraint character-
istics, the identification of the hysteresis models is a challenging
task, and many identification algorithms have been developed
to solve the problem [6], [41]–[43] such as the least square
method, genetic algorithms, and particle swarm optimization
(PSO). PSO [44] has been shown to be superior to its com-
petitors for the identification of the P-I model. Without losing
generality, the PSO algorithm [45] is borrowed in this work
to simultaneously obtain the weighted parameters b(ri), and
coefficients a1, and a2 of the polynomial input function with
the fixed threshold values ri in (13). Table I lists the identified
parameters of the MPI model (7) with ten OSP operators (i.e.,

n = 10). It should be noted that the larger n is selected; it is
more precise to describe the hysteresis loops in theory. In real
applications, it is verified that further increase of the numbers
of the OSP operators leads to no significant improvement
in the modeling accuracy. As an illustration, Fig. 14 shows
comparisons of identification errors with three different values
of n. From this figure, it can be observed that the identification
errors are at the same level with the three n’s. In the following
development, we select n = 10 for a case study. To intuitively
demonstrate the advantage of fewer parameters in the proposed
MPI model, Table II lists a quantified comparison with existing
asymmetric P-I models [18], [34]–[36] when the number of
threshold n is chosen as 10.

With the identified parameters of the proposed MPI model,
Fig. 15 shows the comparison of experimental data of the
PCA and associated prediction results of the MPI model. The
waveforms of the input voltage, displacement, prediction error,
and hysteresis loops are shown in Fig. 15 for the case in which
the input voltage is a simple triangle waveform with three
dominant maximum values. From Fig. 15(b), it is observed that
the prediction results of the MPI model agree well with the
experimental measurements. Fig. 15(c) shows that the maximal
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prediction error is about 1.4% as a percentage of the full
displacement range. In addition, the comparison of the hys-
teresis loops is given in Fig. 15(d). It can be seen that the
proposed MPI model well describes the asymmetric hysteresis
nonlinearity of the PCA with both major and minor loops.

To further verify the effectiveness of the MPI model, Fig. 16
shows the validation of the MPI model with a complex input
signal, where the waveforms of the input voltage, displacement,
prediction error, and hysteresis loops are given. From Fig. 16,
it is observed that the proposed MPI model presents excellent
performance in simulating the complex hysteresis loops. In this
case, the maximal error between the prediction and experimen-
tal results is about 2.1%, which is slightly larger than the one
for the simple input signal. According to the results as shown in
Figs. 15 and 16, the mean modeling errors with the MPI model
are all less than 1%.

To demonstrate the advantage of the developed MPI model,
the CPI model is also adopted to describe the hysteresis non-
linearity of the PCA under the same excitation of the complex
input signal shown in Fig. 16(a). The modeling results with the
CPI model are shown in Fig. 17. It can be observed that the CPI
model can only characterize the symmetric hysteresis and the
prediction output of the CPI model is far from the experimental
output of the PCA. Therefore, using the CPI model to describe
the asymmetric hysteresis in the PCA leads to large errors,
which motivates the development of the MPI model in this
work to characterize the asymmetric hysteresis nonlinearity. As
an illustration, Fig. 18 shows the prediction errors of the CPI
and MPI models. It can be seen that the prediction error of the
CPI model is three times larger than that of the MPI model. In
summary, we can conclude that the proposed MPI model well
characterizes the asymmetric hysteresis loops of the PCAs with
higher accuracy.

C. Asymmetric Hysteresis Compensation Results

By using the inverse compensator (9)–(12), Fig. 19 demon-
strates the inverse hysteresis compensation performance for the
PCA with the identified model parameters in Table I. Fig. 19(a)
shows a comparison of the desired and actual trajectories,
where the actual trajectory well follows the desired trajectory.
Fig. 19(b) shows the tracking errors defined as the difference
between the desired position and the actual position. It is
worthy of mentioning that, due to the existence of modeling
uncertainty, the tracking errors exhibit asymmetry about the
zero error level. To quantify the performance of the inverse
compensator, the root-mean-square error erms with respect to
the full displacement range is calculated by

erms =

√
1
N

N∑
i=1

(ydi − yi)
2

max
i

(ydi)−min
i
(ydi)

× 100% = 1.3% (14)

and the maximum error em is

em =
max

i
(ydi − yi)

max
i

(ydi)−min
i
(ydi)

× 100% = 3.7% (15)

Fig. 17. Experimental verification of the CPI model with a complex input
signal. (a) Displacement. (b) Hysteresis loops.

Fig. 18. Comparison of prediction errors with the CPI and MPI models.
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Fig. 19. Demonstration of the inverse hysteresis compensation perfor-
mance. (a) Trajectory following. (b) Error. (c) Three kinds of input–output
relationships.

where N is the number of experimental data points and yi and
ydi are the actual and desired positions at the ith data point.
Fig. 19(c) illustrates how the inverse hysteresis compensator

TABLE III
TRACKING PERFORMANCE FOR DESIRED SIGNALS

xd(t) = A sin(2πt) + 37.5(μm)

Fig. 20. Amplitude response of the system with and without the inverse
hysteresis compensation.

linearizes the asymmetric hysteresis nonlinearity, where both
the inverse major-loop and minor-loop hysteresis loops with
asymmetric characteristics are produced by the inverse hys-
teresis compensator to cancel the corresponding real asymmet-
ric hysteresis effect. Furthermore, analyzing the experimental
data, the maximum hysteresis-caused error em with the inverse
compensator is reduced by up to 72.7% compared with the
maximum hysteresis-caused error in the open-loop response
which is reduced by only 13.6%.

To further verify the inverse compensator with the developed
MPI model, experiments with periodic sinusoidal references
xd(t) = A sin(2πt) + 37.5 (μm) are conducted. Table III sum-
marizes the tracking performances em and erms at various am-
plitudes A. It therefore clearly demonstrates the effectiveness of
the inverse compensator with the MPI model for the asymmet-
ric hysteresis compensation of the PCA. As a last example, the
frequency response of the system with the inverse compensator
is studied. Fig. 20 shows the amplitude response of the system
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with and without the inverse hysteresis compensation. It can
be seen that the −3-dB bandwidth is increased from 185 Hz
(without the inverse compensation) to 884 Hz (with the inverse
compensation).

V. CONCLUSION

Due to the construction of the analytical inverse, the CPI
model is an effective method to describe and compensate for
the symmetric hysteresis nonlinearity. Since the CPI model
is developed only for describing the symmetric hysteresis, it
yields considerable errors for the asymmetric hysteresis. To
remedy this drawback, an MPI model was developed in this
work to characterize the asymmetric hysteresis nonlinearity of
PCAs. The experimental results show that, with the use of
MPI, the modeling error is reduced by up to 66.7% compared
with the CPI model. Using the MPI model, an analytic inverse
hysteresis model can be directly derived from the inverse of the
CPI model. Experimental results on a piezoceramic actuated
platform were also presented to verify the effectiveness of the
developed MPI model and the inverse hysteresis compensator.

In the future, the robust feedback controller, together with the
MPI model-based feedforward compensator, will be designed
to further improve the tracking performance of the PCAs.
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