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Abstract—In this paper, a proxy-based sliding-mode control
(PBSMC) approach is proposed for robust tracking control of a
piezoelectric-actuated nanopositioning stage composed of piezo-
electric stack actuators and compliant flexure mechanisms. The
essential feature of the PBSMC approach is the introduction of a
virtual coupling proxy, which is controlled by the sliding-mode con-
troller (SMC) to track the desired position. Simultaneously, due to
the virtual coupling, a proportional-integral-derivative (PID) con-
troller on the other side of the proxy ensures the position of the
end-effector of the stage to follow the position of the proxy. There-
fore, the PBSMC guarantees the end-effector to track the desired
trajectory. The advantages of the developed PBSMC lie in the facts
that 1) the discontinuous signum function in the traditional SMC
is omitted without any approximation. Hence, the output of the
PBSMC is continuous, which does not suffer from the chattering
phenomenon; and 2) the PBSMC laws are developed without hav-
ing the necessity to include the nominal system model, hysteresis
model or the state observer. Hence, the PBSMC provides a novel
effective yet simple control method, which permits to avoid the
lack of performances from PID and the chattering from SMC, and
permits to combine the advantages from them. The stability of
the closed-loop control system is proved through Lyapunov analy-
sis. Finally, comparative studies are performed on a custom-built
piezo-actuated stage. Experimental results show that the tracking
errors of the PBCM are reduced by 74.22%, as compared to the
traditional PID controller, with the desired sinusoidal trajectory
under the 50-Hz input frequency, which clearly demonstrates the
superior tracking performance of the PBSMC.

Index Terms—Disturbance, hysteresis, piezo-actuated nanoposi-
tioning stage, proxy-based sliding-mode control, tracking control.

I. INTRODUCTION

NANOPOSITIONING, i.e., nanometer-scale precision con-
trol at dimensions of less than 100 nm, is becoming more

and more significant in the fields of micro/nanotechnology ap-
plications [1], such as micro/nanomanipulators [2], [3], atomic
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force microscopies [4], data storage devices [5], and nanomanu-
facturing equipment [6]. Piezoelectric-actuated (piezo-actuated)
stages composed of piezoelectric stack actuators (PSAs) and
compliant flexure mechanisms are one of the enabling tools to
achieve the nanopositioning owing to the fast response time
and extremely fine positioning resolution of PSAs. However,
the inherent hysteresis nonlinearity of the PSAs and vibration
dynamics of the stages lead to the control challenge of the piezo-
actuated stages [1], [7].

It has been experimentally verified that driving the PSAs with
the charge amplifier can greatly eliminate the hysteresis nonlin-
earity [8], [9]. However, the utilization of the charge amplifier
introduces the implementation complexity and cost. Hence, the
VA is still most widely employed to drive the PSAs. In the VA
driven case, the hysteresis nonlinearity can induce a positioning
error which is more than 15% of the stage’s displacement range.
During the past decade, various control approaches have been
proposed to enable the nanopositioning motion of the piezo-
actuated stages.

Feedforward control with the inverse hysteresis models is the
most commonly used approach to mitigate the hysteresis effect
[10]. In the literature, many hysteresis models such as Preisach
models [1], [11], Prandtl-Ishlinskii models [12], [13], Duhem
models [14] and Bouc–Wen models [15], are developed to de-
scribe the hysteresis effect, which are then used to construct the
inverse models for hysteresis compensation. In practice, feed-
back control such as PID control [2], [16], PD/lead-lag control
[17], repetitive control [18], servocompensator/stabilizing con-
trol [19] is usually applied in combination with the feedforward
control to handle the inverse compensation errors and the re-
maining dynamics of the piezo-actuated stages. However, it is
generally complicated to identify an accurate hysteresis model
and even difficult to construct its inverse. This motives the re-
searchers to develop robust feedback control approaches, such
as LQG control [20], H∞ control [21], disturbance observer
control [22], sliding-mode control (SMC) [23]–[26], and robust
adaptive control [27], where the hysteresis nonlinearity is treated
as a disturbance to the nominal model of the linear dynamics
systems. In these robust control approaches, SMC is more attrac-
tive owing to the ease of implementation and robustness against
unknown disturbances. However, the main problem of the SMC
is the existence of the discontinuous signum function, which
may lead to chattering in practice. To alleviate the chattering
phenomenon, boundary layer control approaches are generally
adopted to replace the signum function with the continuous sat-
uration functions [23]–[26]. It is noted that the sliding function
of the SMC is usually defined by a proportional and derivative
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control action based on the output or output error. To achieve
the better tracking accuracies of the piezo-actuated stages, re-
cent works tried to design new sliding functions with the integral
control action [25], [26], [28]. However, due to the fact that only
the position information of the piezo-actuated stages is available
in practice, it is generally necessary to design an additional state
observer [26] or model predictive controller [25], [28], which
further increases the complexity of the developed controllers.

In this paper, a novel proxy-based sliding mode control
(PBSMC) approach introduced by Kikuuwe and Fujimoto [29]
is proposed for high-precision tracking control of piezo-actuated
stages. The essential feature of the proposed PBSMC approach
is that it can be viewed as an alternative approximation of the
conventional SMC as well as an extension of PID control by
introduction of a virtual objective (proxy) so that the resulting
control laws have the advantages of each approach but not their
disadvantages: only the output position is used as feedback, and
zero steady-state tracking error is ensured. The stability of the
developed PBSMC approach is proved through Lyapunov anal-
ysis, and experimental results on a custom-built piezo-actuated
stage show that the PBSMC achieves the superior tracking per-
formance. To the best knowledge of the authors, this paper is the
first attempt at introducing the PBSMC approach for nanoposi-
tioning control of piezo-actuated stages composed of PSAs and
compliant flexure mechanisms.

Unlike the existing SMC [23], [24] and integral type SMC
approaches [25], [26], [28] for piezo-actuated stages, the distinct
advantages of the PBSMC approach are as follows.

1) Only the output position of the piezo-actuated stage is
sufficient for implementation, whereas the nominal sys-
tem model, hysteresis model or the state observe does not
appear in the PBSMC algorithms. Therefore, the PBSMC
has a very good disturbance rejection capability, which
can be implemented as simply as the PID control but with
the improved tracking performance than the PID control.

2) To avoid the chattering phenomenon of the SMC, bound-
ary layer methods [23]–[26] are generally applied. With
the relation expressed in (21), the discontinuous signum
function in the traditional SMC is directly omitted with-
out any approximation. Hence, the output of the PBSMC
is continuous, which does not suffer from the chattering
phenomenon.

3) The traditional SMC for piezo-actuated stages may cause
the nonzero steady-state error problem [25], [26], [28].
To overcome this problem, novel sliding functions with
the integral control action are designed in new SMC de-
velopment [25], [26], [28]. Experimental results as shown
in Figs. 7 and 10 obviously demonstrate that the PBSMC
does not suffer this problem. Therefore, it is not necessary
to develop the new SMC with novel integral-type sliding
functions.

In the rest of this paper, the problem formulation is pre-
sented in Section II. The design procedure and stability anal-
ysis of the PBSMC is outlined in Section III. Section IV de-
scribes the experimental setup and verifies the development with
the experimental studies. Finally, conclusions are provided in
Section V.

Fig. 1. General dynamic model of a piezo-actuated stage [27]. (a) Electrical
aspect (b) Mechanical aspect.

II. PROBLEM FORMULATION

A. Dynamic Modeling

A general dynamic model of the piezo-actuated stage, includ-
ing frequency response of the stage, voltage-charge hysteresis
and nonlinear electric behavior, has been recently developed in
[27]. Considering the piezo-actuated stage driven by the voltage
amplifier (VA), this general model, as shown in Fig. 1, can be
described by the following set of equations [27]:

R0 q̇(t) + vh(t) + vA (t) = kampv(t) (1)

vh(t) = H(q) (2)

q(t) = qc(t) + qp(t) (3)

vA (t) = qc(t)/CA (4)

qp(t) = Temx(t) (5)

FA = TemvA (t) (6)

msẍ(t) + bs ẋ(t) + ksx(t) = FA (7)

where v(t) is the voltage of the control input; kamp and R0
are the fixed gain and equivalent internal resistance of the VA,
respectively; Tem represents the piezoelectric effect, which is
an electromechanical transducer with transformer ratio; vA is
the voltage related to the transducer; vh is the generated voltage
due to the hysteresis effect H; CA represents the sum of the
capacitances of the PSA, which is electrically parallel with the
transformer; q is the total charge in the PSA and the resulting
current flowing through the circuit is q̇; qc is the charge stored in
the linear capacitance CA ; qp is the transduced charge from the
mechanical side due to the piezoelectric effect; FA is the trans-
duced force on the moving part of the stage from the electrical
side; ms is the equivalent mass of the moving part of the stage,
bs and ks are the equivalent damping coefficient and stiffness of
the mechanism of the stage; and x(t) is the output displacement
of the end-effector of the stage.

From (1)–(7), the following equations can be obtained:

msẍ(t) +bsẋ(t) + (ks +
T 2

em

CA
)x(t) =

Tem

CA
q(t) (8)



1958 IEEE/ASME TRANSACTIONS ON MECHATRONICS, VOL. 20, NO. 4, AUGUST 2015

Fig. 2. Principle of the PBSMC for a piezo-actuated stage.

R0CAq̇(t) +q(t) − Temx(t) = CA [kampv(t) − vh(t)].

(9)

In practice, the equivalent internal resistance R0 is usually as-
sumed as R0 = 0 [23], [25], [26], [28], [30]. Therefore, the
electromechanical dynamic model (8) and (9) can be reduced to

msẍ(t) + bsẋ(t) + ksx(t) = f(t) + d(t). (10)

where f(t) = Temkampv(t) and d(t) denotes the bounded dis-
turbances including the nonlinear hysteresis effect vh(t) and
external perturbation.

Remark: It should be noted that the PSAs also suffer from
the creep nonlinearity, which is a slower drift phenomenon of
the output displacement of PSAs over extended periods when
subjected to a constant applied voltage [1]. It is pointed out
that this phenomenon can be easily mitigated by a traditional
feedback controller, such as a conventional PID controller [16],
[31], Thereafter, the creep nonlinearity is generally neglected in
the dynamic models of the piezo-actuated stages [21], [23]–[27].

B. Control Objective

The dynamic model (10) shows that the piezo-actuated stage
is described by a linear second-order model, where the hysteresis
effect is involved in the unknown disturbances d(t). Consider
the system (10), the tracking objective in this paper is stated
as follows: In the presence of unknown disturbances involving
with the hysteresis nonlinearity, design a control law f(t) so that
the stage’s output x(t) follows the desired trajectory xd(t) ∈ C2 ,
i.e., x(t) → xd(t) as t → ∞. To achieve this control objective,
a PBSMC law will be designed in the following development.
It is pointed out that, for brevity, the time variable t is generally
omitted in the following development.

III. PBSMC DESIGN

In this section, the design procedure and stability analysis of
the PBSMC for the PSA-actuated stage are presented.

A. Principle of PBSMC

The PBSMC was first developed by Kikuuwe and Fujimoto
[29], [32] for robotics, which can achieve the responsive and ac-
curate tracking capability during normal operation with smooth,
slow, and safe recovery from large position errors. The principle
of the PBSMC is schematically illustrated in Fig. 2. The actual

controlled object is connected to a virtual object, which is re-
ferred to as a proxy, by means of a PID-type virtual coupling (a
PID controller). The PID controller, thus, causes an interaction
force Fpid between the end effector and proxy. At the same time,
the proxy is also controlled by a sliding-mode controller, which
exerts the force Fsmc , to track the desired trajectory.

As shown in Fig. 2, xp and ẋp are proxy’s position and ve-
locity, and xd and ẋd are the desired position and velocity,
respectively. The SMC law that is used to control the virtual
proxy is given by

Fsmc = F sgn(σ1) (11)

with the sliding surface σ1 defined as

σ1 = xd − xp + λ(ẋd − ẋp) (12)

where sgn is the signum function, F > 0 and λ > 0 are designed
control gains. It is straightforward (see, for example, Chapter 7
of the Slotine and Li’s book [33] for an introduction to SMC)
that once the proxy has reached the sliding surface σ1 = 0, the
error dynamics is determined by

xd − xp + λ(ẋd − ẋp) = 0. (13)

Therefore, the position error (xd − xp ) and velocity error
(ẋd − ẋp ) of the proxy will exponentially converge to zero with
the time constant λ > 0, which indicates that the proxy gently
converges to its desired trajectory.

On the other hand, the force produced by the PID controller
is

Fpid = kp(xp − x) + ki

∫ t

0
(xp − x)dτ + kd(ẋp − ẋ) (14)

where x and ẋ are the end effectors actual position and velocity,
kp , ki and kd are designed positive gains of the PID controller.

By defining

a =
∫ t

0 (xp − x)dτ (15)

and

σ = xd − x + λ(ẋd − ẋ) (16)

(11) and (14) can be, respectively, rewritten as

Fsmc = F sgn(σ − ȧ − λä) (17)

and

Fpid = kp ȧ + kia + kdä. (18)

It should be noted that the fact σ1 = σ − ȧ − λä is used in the
above equations.

Considering the proxy, the equation of motion can be gov-
erned by

mpẍp = Fsmc − Fpid . (19)

According to (11)–(19), the block diagram of the PBSMC is
shown in Fig. 3. It should be pointed out that if one directly
implements the controllers using (17) and (18), the motion of
the virtual proxy mass would have to be simulated in software.
In practice, Kikuuwe and Fujimoto [29], [32] realized them by
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Fig. 3. Control block of the PBSMC.

Fig. 4. Equivalent control block of the PBSMC depicted for real-time
implementation.

setting the proxy mass in (19) to be zero. Then, Fsmc = Fpid ≡
f is satisfied. Thereafter, the PBSMC law is obtained by

f = kp ȧ + kia + kdä = F sgn(σ − ȧ − λä). (20)

In the upcoming derivations, the following relation of signum
function sgn and the saturation function sat will be used [32]:

y + Xw = Y sgn(z − Zy)

⇔ y = −Xw + Y sat(
z/Z + Xw

Y
) (21)

with

sat(y) =

⎧⎨
⎩

sgn (y), if |y| > 1

y, if |y | ≤ 1
(22)

where X,Y,Z > 0 and w, y, z ∈ R.
In the view of (21), ä in (20) can be taken out as follows:

ä = −kp ȧ + kia

kd
+

F

kd
sat

(
kd

F

(
σ − ȧ

λ
+

kp ȧ + kia

kd

))
.

(23)
Therefore, the control law (20) can be rewritten as

f = F sat
(

kd

F

(
σ − ȧ

λ
+

kp ȧ + kia

kd

))
. (24)

In order to real-time implement the control laws (15), (16),
(23), and (24), Fig. 4 depicts the equivalent control block of the
PBSMC scheme shown in Fig. 3.

In view of (11)–(24), the control algorithm of PSMC is the
analytical solution for the differential algebraic constraints that
result from the imaginary dynamical system by introducing the
virtual object, called proxy [29], [32]. The essential feature of the
PBSMC is that it can be viewed as an alternative approximation

of the conventional SMC and also an extension of PID control.
The main benefits are that small position errors can be remedied
by the well-tuned PID controller (determined by control gains
kp , ki , and kd ), and large positioning errors can be rapidly
recovered owing to the SMC with the control gain λ. As a
result, responsive and accurate tracking can be achieved by the
PBSMC.

Remarks:
1) It should be noted that the main problem of the SMC is

the existence of the discontinuous signum function, which
may lead to chattering in practice. To avoid the chatter-
ing phenomenon, many efforts have to be made to re-
place the signum function. However, in the PBSMC laws,
(20) and (24) are algebraically equivalent, which implies
that the discontinuous function in (20), in fact, does not
produce discontinuity. This is the essential difference of
PSMC (20) and (24) from the conventional sliding-mode
controller, which includes discontinuity that cannot be re-
moved without approximation. Hence, the output of the
PBSMC is continuous, which does not suffer from the
chattering phenomenon.

2) It should be noted that an important feature of PSMC (20),
or equivalently (24), is that it is an alternative approxima-
tion of a conventional SMC. For instance, by setting kp →
∞, the PMSMC law (20) degenerates to the conventional
SMC with the form of f = F sgn(xd − x + λ(ẋd − ẋ))
[29], [32]. In addition, the PBSMC is also an extension of
PID control. For instance, by setting λ = kd

kp
and ki = 0,

the PMSMC law (24) is equivalent to the traditional PID
controller with force limitation [32], [34]. Since this pa-
per focuses on the PBSMC approach for nanopositioning
control of piezo-actuated stages, the detailed behavior de-
scriptions and equivalent control examples of the PBSMC
can be founded in, for example, [29], [32], [34], [35].

3) It should be noted that the pure differentiator as shown
in Fig. 4 is generally not practical applicable due to its
nonproper nature, which does not restrict high-frequency
gains. Hence, it will result in a theoretically infinite high
control signal when a step change of the reference or
disturbance occurs [36]. To overcome this drawback,
the differentiator should be filtered in practice, e.g., by
s/(1 + τs) with τ > 0, as in [36] for more detailed dis-
cussions and selections. It is worthy of mentioning that
the dSPACE-DS1103 control system is utilized in this pa-
per to implement the designed controller. Therefore, the
filtering on the differentiator is not considered in this pa-
per and automatically performed by the dSPACE-DS1103
control system.

B. Stability Analysis of PBSMC

Define the tracking error and the error vectors as

e = xd − x

E = [e E1 ] (25)

where E1 = [ė ä ȧ].



1960 IEEE/ASME TRANSACTIONS ON MECHATRONICS, VOL. 20, NO. 4, AUGUST 2015

Then, an error dynamics equation is obtained by using (25)
and (10)

msë + bs ė + kse = −f + φ (26)

with

φ = msẍd + bsẋd + ksxd − d (27)

where |φ| ≤ δ0 is satisfied with δ0 > 0.
In order to demonstrate the stability of the developed

PBSMC laws for piezo-actuated stages, the following Lemma
is introduced.

Lemma [32]: Considering the closed-loop system composed
of the plant (26) and a PID controller (20) that accepts an input
u = ẋp − ẋd , there exists kp > 0, ki > 0 and kd > 0 that allows
that the function Vp satisfies

Vp(E1) ≥ δ ‖ E1 ‖2 (28)

V̇p(E1) ≤ fu − ρE ‖ E1 ‖2 −ρu ‖ u ‖2 (29)

where ρE and ρu are positive function.
Remark: The Lemma is directly adopted from the Conjecture

in [32]. This is because the linear portion of the system in
this paper is only a special case in [32], where C(p, ṗ) in [32]
becomes zero and then this conjecture can be proved and is not
a conjecture anymore. For the details, please refer to [32].

Theorem 1: For a piezo-actuated stage described by (10) in
the presence of the unknown disturbance involving with the
hysteresis, with the introduction of the Lemma, the tracking
error e defined in (25) satisfies e → 0 as t → ∞ by applying
the developed PBSMC laws (15), (16), (20), (23), and (24) as
shown in Fig. 4.

Proof: See Appendix.

IV. EXPERIMENTAL VERIFICATION

In this section, the effectiveness of the developed PBSMC
laws will be verified by comparative experimental studies on a
piezo-actuated nanopositioning stage.

A. Experimental Setup

In this paper, a custom-built piezo-actuated stage com-
posed of the PSAs and a XY parallel-kinematic mechanism is
adopted to conduct experiments for validation of the developed
PBSMC laws.

The stage is designed with two kinematic chains and each
kinematic chain is composed of two symmetrically distributed
flexure modules [37], which is schematically shown in Fig. 5.
In each flexure module, a fixed–fixed beam and a parallelogram
flexure are adopted as two orthogonal prismatic joints. Instead
of using the constant rectangular cross-sectional beam, a novel
center-thickened beam with larger stiffness is designed as the
fixed–fixed beam to achieve high resonance frequencies of the
mechanism. The center-thickened beam is also utilized to reduce
the cross-coupling between two axes. In addition, a symmetric

Fig. 5. Mechanical structure of the piezo-actuated stage.

Fig. 6. Experimental setup.

configuration is adopted for the parallelogram flexures to decou-
ple the motion in two axes totally. Experimental tests demon-
strate that the workspace of the stage is 11.2 μm × 11.6 μm
with the maximum cross-coupling between X- and Y-axis lower
than 0.52%. Therefore, the designed stage is well decou-
pled; thus, the two-axis motions can be treated independently.
For the purpose of verifying the proposed control laws, only the
treatment of x-axis tracking control is presented in this paper.

In this paper, a dSPACE-DS1103 control board equipped
with the 16-bit analog-to-digital converters (ADCs) and 16-
bit digital-to-analog converters (DACs) is used to implement
the developed control laws. The DACs produce the analog con-
trol input and the high-VA with a fixed gain of 20 is adopted to
provide excitation voltage 0–200 V for driving the PSAs. Capac-
itive sensors (Probe 2823 and Gauging Module 8810 from Mi-
croSense, range of +/−10 μm with analog output of +/−10 V)
are utilized to real-time measure the position of the end-effector
of the stage with the sensitivity of 1 V/μm. The sensor output
signals are then captured by a signal conditioner and simulta-
neously acquired by the ADCs for the feedback control laws.
Furthermore, the MATLAB/Simulink software is used to im-
plement the control laws, which are directly downloaded to the
DS1103 control board via the ControlDesk interface for real-
time applications. The sampling frequency of the feedback loop
is set as 20 kHz. Fig. 6 shows the block diagram of the experi-
mental setup.

B. Experimental Studies

The tracking performance of the developed controller is eval-
uated by comparative experiments in this section.
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As discussed in Section III, the PBSMC is developed as the
combination of the PID and SMC, and the performance of the
PBSMC depends on the control gains of the PID controller. In
the literature, many tuning methods such as the trial-and-error
method [36], the Ziegler and Nichols tuning method [38], the
H∞ constraint optimization method [39], and the optimum gain
and phase margin tuning method [40], have been developed
to obtain the optimum gains of the PID controller. Without
losing generality, the control gains kp = 0.1, ki = 6000, and
kd = 0.000001 are tuned by the trial-and-error method in this
paper to obtain a satisfied tracking performance of the piezo-
actuated stage with the 1-Hz desired trajectory. It should be
noted that although the selected gains of the PID controller may
not be the most optimum, the same values of these gains are also
adopted for the PBSMC. Then, we can fairly compare tracking
performances with PID control and PBSMC under the same
desired trajectories.

Fig. 7 shows tracking results with PID control (indicated by
the red dash line) using the 1-Hz desired trajectory. It can be
obtained from Fig. 7 that the maximum error (ME) and root-
mean-square error (RMSE) with PID control is 4.9 and 1 nm,
which are 0.25% and 0.05% of the displacement range, respec-
tively.

In the PBSMC, the tuned gains kp , ki , and kd of the PID
controller are directly used and the rest control parameters of
the PBSMC are selected as F = 1 and λ = 0.0002 through
experimental studies. As a comparison, Fig. 7 also shows the
tracking results with the PBSMC indicated by the black dot line.
It can be gotten that the ME and RMSE are 4.8 and 0.71 nm,
respectively, which are 0.24% and 0.035% of the displacement
range. It can be seen that both the PID control and PBSMC
are effective to follow the 1-Hz sinusoidal trajectory. Further,
control signals with PID control and PBSMC are compared
in Fig. 8. It can be intuitively seen that they produce nearly
identical results. This also explains why the tracking errors with
the PID control and PBSMC are almost equal. For quantitatively
comparing differences of them, the following definition DF is
introduced with the control signal of the PID controller as the
reference

DF =
max(vpid − vpbsmc) − min(vpid − vpbsmc)

max(vpid) − min(vpid)
= 0.65%

(30)
where vpid and vpbsmc represent the control signals with the
PID control and PBSMC, respectively.

It should be mentioned that when the input frequencies of the
desired trajectory is low enough, the effectiveness of the PID
control for piezo-actuated stage has also been verified in the
reported works such as [18], [19], [25], [26], [28]. In this paper,
this test is used to demonstrate that the control gains of the PID
controller are well tuned. However, the hysteresis nonlinearly
caused errors (h/H) as shown in Fig. 9 become serious with the
increase of the input frequencies. In this case, the PID control
generally loses its effectiveness. It is also the motivation of
this paper to develop a new control approach. In the following,

Fig. 7. Tracking results of the PID control and PBSMC with the 1-Hz sinu-
soidal desired trajectory. (a) Trajectory tracking. (b) Tracking error.

Fig. 8. Comparisons of control signals of PID controller and PBSMC with
the 1-Hz sinusoidal desired trajectory.
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Fig. 9. Open-loop hysteresis with sinusoidal input reference under different
frequencies.

Fig. 10. Tracking results of the PID control and PBSMC with the 50-Hz
sinusoidal desired trajectory. (a) Trajectory tracking. (b) Tracking error.

Fig. 11. Comparisons of control signals of PID controller and PBSMC with
the 50-Hz sinusoidal desired trajectory.

TABLE I
RMSES OF THE PID CONTROL AND PBSMC UNDER DIFFERENT

INPUT FREQUENCIES

Frequencies 1 Hz 10 Hz 50 Hz 100 Hz

PID 1 nm 7.4 nm 38.4 nm 78.5 nm
PBSMC 0.71 nm 1.4 nm 9.9 nm 28.7 nm

experimental tests under increasing input frequencies will be
conducted with the same designed control gains. The results of
both PID control and PBSMC will also be shown to evaluate
their tracking errors and robustness.

As an illustration, Fig. 10 shows the tracking results of
the PID control and PBSMC with the 50-Hz sinusoidal
desired trajectory. The RMSEs of the PID control and PB-
SMC are 38.4 and 9.9 nm respectively, which are 1.92% and
0.5% of the displacement range. It is obvious that, compar-
ing with the PID control, the developed PBSMC reduces the
RMSE by 74.22% under the input frequency of 50 Hz, i.e., the
tracking accuracy of the PBSMC is almost four times better
than the PID control. In addition, Fig. 11 shows the control
signals with PID control and PBSMC, respectively. From the
definition in (30), we can see that the difference of the con-
trol signals is DF = 4.39%. It is almost seven times larger
than the one with the 1-Hz sinusoidal desired trajectory. We
can also show that the larger difference of the control signals
result in larger differences of the tracking errors with the PID
control and PBSMC. Furthermore, Table I lists the compari-
son of RMSEs under different input frequencies. It can be seen
from Table I that the RMSEs with PID control are 1.4, 5.2,
3.9, and 2.7 times larger than the RMSEs with PBSMC under
1, 10, 50, and 100 Hz input frequencies, respectively. There-
fore, it can be obviously demonstrated that the PBSMC greatly



GU et al.: PROXY-BASED SLIDING-MODE TRACKING CONTROL OF PIEZOELECTRIC-ACTUATED NANOPOSITIONING STAGES 1963

improves the tracking performance with the increasing input
frequencies.

V. CONCLUSION

This paper proposes a novel PBSMC approach for precision
tracking control of a piezo-actuated nanopositioning stage with-
out modeling the hysteresis nonlinearity. The essential feature
of the PBSMC is that it can be viewed as an alternative ap-
proximation of the conventional SMC and also an extension of
PID control. In this sense, the discontinuous signum function
in the conventional SMC is omitted without any approximation,
which results in the continuous control signal. Hence, the chat-
tering phenomenon is avoided. As a result, smooth, fast, and
accurate tracking can be achieved by the developed PBSMC
laws. In addition, the PBSMC laws without using the state ob-
server can be simply implemented in real time since the nominal
system model or hysteresis model does not appear. The stabil-
ity of the developed PBSMC laws is proved through Lyapunov
analysis, and the effectiveness is verified by real-time compara-
tive experiments on a custom-built piezo-actuated stage.

APPENDIX

PROOF OF THEOREM 1

Proof: To demonstrate the stability of the developed control
laws, a Lyapunov function candidate is defined as

V (E) = Vp(E1)+ ‖ F (e − ȧ) ‖1 (31)

where E and E1 are defined in (25), Vp(E1) ≥ δ ‖ E1 ‖2 is
defined in (28). Thus, it is obvious that V (E) = 0 when E = 0,
and V (E) > 0 for any E 
= 0.

The time derivative of (31) can be expressed as

V̇ (E) = V̇p(E1) + (ė − ä)F sgn(e − ȧ). (32)

According to the conclusion in (29), (32) can derive to

V̇ (E) ≤ fu − ρE ‖ E1 ‖2 −ρu ‖ u ‖2

+ (ė − ä)F sgn(e − ȧ). (33)

By instituting (20) into (33) and using the fact u = ẋp − ẋd =
ä − ė, one can obtain

V̇ (E) ≤ (ä − ė)F sgn(σ − ȧ − λä) − ρE ‖ E1 ‖2 −ρu ‖ u ‖2

+ (ė − ä)F sgn(e − ȧ). (34)

Considering σ − ȧ − λä = e − ȧ + λ(ė − ä), (34) becomes

V̇ (E) ≤ λ(ė − ä)
F

λ
[sgn(e − ȧ) − sgn(e − ȧ + λ(ė − ä))]

− ρE ‖ E1 ‖2 −ρu ‖ u ‖2

≤ − ρE ‖ E1 ‖2 −ρu ‖ u ‖2≤ 0. (35)

It should be noted that the following relation has been used to
obtain the above equation

yT X[sgn(z + y) − sgn(z)] ≥ 0 (36)

where X > 0 and y, z ∈ R.
Therefore, the stability of the closed-loop control system is

proved, and the tracking error e converges to zero as t → ∞.
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