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This paper presents a novel decoupled two degrees of freedom (2-DOF) translational parallel micro-
positioning stage. The stage consists of a monolithic compliant mechanism driven by two piezoelec-
tric actuators. The end-effector of the stage is connected to the base by four independent kinematic
limbs. Two types of compound flexure module are serially connected to provide 2-DOF for each limb.
The compound flexure modules and mirror symmetric distribution of the four limbs significantly re-
duce the input and output cross couplings and the parasitic motions. Based on the stiffness matrix
method, static and dynamic models are constructed and optimal design is performed under certain
constraints. The finite element analysis results are then given to validate the design model and a pro-
totype of the XY stage is fabricated for performance tests. Open-loop tests show that maximum static
and dynamic cross couplings between the two linear motions are below 0.5% and –45 dB, which are
low enough to utilize the single-input-single-out control strategies. Finally, according to the identi-
fied dynamic model, an inversion-based feedforward controller in conjunction with a proportional-
integral-derivative controller is applied to compensate for the nonlinearities and uncertainties. The
experimental results show that good positioning and tracking performances are achieved, which ver-
ifies the effectiveness of the proposed mechanism and controller design. The resonant frequencies of
the loaded stage at 2 kg and 5 kg are 105 Hz and 68 Hz, respectively. Therefore, the performance of
the stage is reasonably good in term of a 200 N load capacity. © 2012 American Institute of Physics.
[http://dx.doi.org/10.1063/1.3700182]

I. INTRODUCTION

Recently, the important role of micro-/nano-positioning
technology in hi-tech applications has emerged, including
microelectromechanical system, scanning probe microscopy,
ultra-precision machining, optical components manufactur-
ing, and biomedical engineering. Many successful micro-
positioning stages have been reported.1–5 For example, a XYZ
scanning stage is used in an atomic force microscope to
produce topographic image of specimens with subnanome-
ter resolution.1 A micro-positioning XYθ table is used in a
submicron lithography system.2 For micro-/nano-positioning,
flexure hinges are often employed to replace conventional
joints due to their advantages of no friction, no backlash,
no wear, and compact structure. Besides, compared with the
other types of actuators, the piezoelectric actuator (PZT) has
ultra-high resolution, fast response, high stiffness, and high
push force. For the two reasons, PZT-actuated flexure-based
stages are widely adopted for micro-/nano-positioning.1, 2, 6

Flexure-based 2-DOF translational micro-positioning
stages can be classified into serial and parallel structures.7, 8

The characteristic of the serial structure is that one 1-DOF
positioning stage is vertically mounted on the other 1-DOF
stage.1, 9 Although this kind of platform is often commercially
used and easy to be manufactured, the serial mechanism
has many shortcomings such as cumulative errors, parasitic
movements, decreased natural frequencies, different dynamic

a)Electronic mail: zhulm@sjtu.edu.cn.

characteristics along the two directions, large cross couplings,
and bulkiness. Compared with the serial mechanism, the
parallel mechanism is increasingly adopted in 2-DOF micro-
positioning stages due to its advantages of high load capacity,
low inertia, high stiffness, balance, and compactness.10 A
parallel-kinematic micro-positioning XY stage is designed
by using parallelogram four-bar linkages.6 It has a large
work space, high bandwidth, and good linearity. A 2-DOF
compliant parallel micromanipulator utilizing flexure joints
is proposed for two-dimensional nanomanipulation.11 A
compliant mechanism consisting of quad-symmetric simple
parallel linear springs and quad-symmetric double compound
linear springs is proposed for two axes ultra-precision linear
motion.7 A linear parallel compliant XY-stage based on
4-PP flexure joint mechanism is proposed for ultra-precision
motion.12 Some other XY stages with parallel structure are
also reported.13, 14

However, most of the stages mentioned above have the
cross couplings between the X and Y axes. Cross couplings
refer to any motions along the Y direction in response to an
actuation along the X direction, and vice versa. The decou-
pled function, which means that one actuator produces only
one axial output motion of the end-effector, is an important
performance requirement of a parallel kinematic XY flexure
mechanism.8 If the 2-DOF are coupled, an additional calibra-
tion step is necessary to determine the transformation matrix
between the actuator coordinates and the motion stage coordi-
nates. Another important challenge in parallel mechanism de-
sign is input decoupling, also known as actuator isolation. An
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FIG. 1. The possible candidates for 2-DOF translational micro-positioning.

actuator isolation8 means that the PZT has to be connected to
the point of actuation with little transverse motion in response
to any other actuators in the system because the PZT cannot
suffer from the transverse load and displacement. To over-
come these problems, a constraint-based decoupled parallel
kinematic XY flexure mechanism is first proposed.8 Based
on this conceptual design, a novel flexure-based XY paral-
lel micromanipulator with both input and output decoupling
and displacement amplifiers is then proposed.10 The presented
XY stage possesses a mirror-symmetric structure to improve
the accuracy performance, and all the prismatic joints are im-
plemented with double compound parallelogram flexures to
possess the fully decoupled output motions without crosstalk
between the two axes in theory.

This paper presents a novel decoupled parallel micro-
positioning stage for 2-DOF translational ultra-precision po-
sitioning and tracking. Two types of distributed-compliance
compound flexure modules as ideal prismatic joints and a mir-
ror symmetric structure are employed to reduce the input and
output couplings, and the parasitic motions. Different from
the commonly used flexure modules,7, 8, 11, 15 a novel com-
pound flexure module that can produce both large workspace
and small maximum stress is developed in this paper. High
stiffness ratio between the transverse and working directions
of the flexure module guarantees both the objectives of large
workspace and actuator isolation. Besides, an additional de-
coupler plus the actuator isolation provide double protection
to the PZT. Compared with the aforementioned work,8 this
designed stage in this paper is much simpler. It is ease of
manufacturing from the economical point of view. Instead of
using the lumped-compliance mechanisms,10 the distributed-
compliance module is utilized in the developed stage. It is
more likely to have higher structure stiffness and bandwidth
in the two translational motions.14 The higher structure stiff-
ness in loading directions also increase the load capacity of
the stage. The design results well meet all the performance
objectives of XY mechanisms.8

The remainder of the paper is organized as follows. The
conceptual design and working principle of the stage are pre-
sented in Sec. II. The stiffness matrix model of the stage using
the stiffness matrix method is described in Sec. III. The op-
timal design and the finite element analysis (FEA) validation
are performed in Sec. IV. The experimental setup and tests
are conducted in Sec. V. Afterward, Sec. VI presents the con-
troller design precess, and the experiments are conducted to

demonstrate the performances of the stage and the effective-
ness of the controller. Finally, Sec. VII concludes the paper.

II. STRUCTURAL CONCEPT OF THE STAGE

An XY flexure stage has two translational motions along
X and Y axes. Five possible candidates for 2-DOF transla-
tional mechanism can be found in the literature,1, 6, 10, 11 as
shown in Fig. 1. If the prismatic joint is used, a micro-
positioning stage with serial architecture (see Fig. 1(a)) is
produced simply by adding two 1-DOF stages together, one
carried by the other, and each of them is driven by a PZT.
However, this architecture does not belong to the family of
parallel mechanism and has many shortcomings mentioned
in Sec. I. Architecture (b) and (d) show two kinds of par-
allel structures which have PPR limbs and PRPR limbs, re-
spectively. Here P and PR denote prismatic and parallelogram
joints, respectively. Although the PR joints can always ensure
translational movement of the end-effector and retain a fixed
orientation with respect to the base whatsoever the motions of
PZT may be, the coupled displacement of the PR joints in ar-
chitecture (b) and (d) can produce the undesired output cross
coupling between two axes. The inverse and forward kinemat-
ics models are very complicated, and the cross coupling may
also lead to undesired internal resonances. The architecture
(e) which has two RPR limbs and a PRPR limb can also gener-
ate 2-DOF translational motions in theory, however the cross
coupling between the two linear motions still exists in this
mechanism, and the configuration is too complex. Compar-
ing with the configurations enumerated above, architecture (c)
would be an ideal candidate for a decoupled 2-DOF transla-
tional micro-positioning stage. It is totally decoupled as long
as 2-PP limbs are used. To find two kinds of ideal prismatic
joints is crucial in design of this kind decoupled stage.

Based on the above idea, two kinds of P joints are devel-
oped, and the conceptual design of the 2-DOF parallel micro-
positioning stage consisting of two PZTs and a monolithic
compliant mechanism is illustrated in Fig. 2. The compliant
mechanism contains two independent kinematic limbs that
connect the end-effector to the fixed base. Each of the limbs
has two serially connected DOFs which are provided by two P
joints, respectively. The two PP limbs with orthogonal archi-
tecture are independently actuated by two PZTs. Two types of
compound flexure module, which are shown in Fig. 3, are em-
ployed as two P joints and combined to be a PP limb. Flexure
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PZT

Intermediate
stage

End-effector

FIG. 2. Design of a XY stage with 2-PP.

module A is the first level flexure module of each limb, which
provides 1-DOF. Module A is actuated by the PZT directly
and acts as a ideal P joint to realize the pure translational
movement for each limb. Flexure module B is the second
level flexure module of each limb, which provides the other
DOF. Module B adopts the compound double parallelogram
flexures to possess fully decoupled output motion without
crosstalk between the two axes in theory.10 The intermediate
stage of each limb is connected to the fixed base by means
of flexure module A. The end-effector is connected to the
intermediate stage via flexure module B. In order to increase
the bandwidth and load capacity of the stage, two auxiliary
limbs are added to the 2-PP stage, as shown in Fig. 4(a).
The symmetrical distribution of the four limbs also provides
restriction against any unwanted DOFs of the end-effector.
The working principle of the stage is shown in Fig. 4(b).

To show the advantages of the proposed stage, flexure
module A and some commonly used flexure modules are used
for comparison, as shown in Figs. 3 and 5. When the same
forces FW and FT are applied to the motion stage in their
working and transverse directions, respectively, and the bend-

Secondary stage

WF

TFPrimary stage

Fixed base

Before deformation After deformation

Primary stage

Secondary stage

Fixed base
TF

WF

Before deformation

(a)

(b)

After deformation

FIG. 3. Compound flexure module. (a) Flexure module A. (b) Flexure
module B.
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FIG. 4. The 2-DOF parallel micro-positioning stage. (a) Structure of the
stage. (b) Working principle of the stage.

ing moments caused by FT are ignored, the displacements of
the four modules have the following relationships:

δmoduleA
W = 2δDF M

W = 4δD P F M
W = 2δC D P F M

W , (1)

δmoduleA
T = 2δDF M

T = 4δD P F M
T = 2δC D P F M

T , (2)

where δW and δT denote the displacements along the working
and transverse directions, respectively. Module A can export
the largest displacement, and has a relatively simple shape for
the ease of manufacture. Moreover, when the four modules
output the same displacement, module A produces the lowest
maximum stress at the end of each flexure hinge, the same as
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Before deformation

(a)

(b)
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After deformation

TF

Fixed base

WF

WF

TF

Fixed base

WF

TF

Fixed base

FIG. 5. Commonly used flexure modules. (a) Double flexure module
(DFM).11 (b) Double parallelogram flexure module (DPFM).4 (c) Compound
double parallelogram flexure module (CDPFM).7

compound double parallelogram flexure module (CDPFM).
As for the stiffness ratio between the stiffness along the trans-
verse and working directions, module A exhibits the same
performance as the other modules. Module A has a large
transverse stiffness because it is flexible along the working
direction and is rigid along the transverse direction. There-
fore, it can act as an effective decoupler for its little transverse
displacement. Moreover, an decoupler mechanism connecting
the PZT and the intermediate stage is used to further avoid
damage of the PZT, as shown in Fig. 4(a). The decoupler can
transmit the axial force without any loss in motion and absorb
any transverse motion without generating transverse loads.
Furthermore, the module A and B both adopt the distributed-
compliance modules to obtain higher structure stiffness and
suppress the vibrations of the the secondary stage.

Due to the use of the compound flexure modules and the
mirror symmetric structure, the stage is kinematically decou-
pled to the maximum extent. The symmetric structure also
reduces the parasitic movement; increases the structural stiff-
ness, carrying capacity, and natural frequencies; and exhibits
the same static and dynamic performances along the X and Y
directions.

III. MODELING THE STAGE USING THE STIFFNESS
MATRIX METHOD

For a flexure mechanism, the establishment of the stiff-
ness matrix model is the basic of the static and dynamic anal-
ysis. As shown in Fig. 4(b), the total number of rigid bodies in
this compliant mechanism is n = 15. Denote the 6-DOFs for
ith rigid body by qi = [xi, yi, zi, θ xi, θ yi, θ zi]. Assuming that
the mass of the flexures and the elastic deformation of rigid
bodies are ignored, all the 6n degrees of freedom of the rigid
bodies induced in the system are selected as the generalized

coordinates of the system. The displacement vector has the
form

q = [q1, q2, . . . , qn]T . (3)

According to the Lagrange’s equation, the dynamic differen-
tial equation of the system can be represented as

Mq̈ + Kq = Q, (4)

where the system mass matrix M is

M = diag(M1, M2, . . . , Mn), (5)

the stiffness matrix K is

K =

⎡
⎢⎢⎢⎢⎢⎢⎣

K̃11 −K̃12 · · · −K̃1n

−K̃21 K̃22 · · · −K̃2n

...
...

. . .
...

−K̃n1 −K̃n2 · · · K̃nn

⎤
⎥⎥⎥⎥⎥⎥⎦

(6)

and the external force vector Q is

Q = [Q1, Q2, . . . , Qn]T . (7)

The ith element of the mass matrix M in Eq. (5) has the
form

Mi = diag(Mxi , Myi , Mzi , Jxi , Jyi , Jzi ), (8)

where (Mxi Myi Mzi) denotes the mass of the ith rigid body. Jxi,
Jyi, and Jzi are the x, y, and z directional mass inertia moment
of the ith rigid body, respectively.

The ith element of the force vector Q in Eq. (7) is

Qi = [Fxi , Fyi , Fzi , Mxi , Myi , Mzi ]
T . (9)

If only free vibration is considered, Qi is set to be 0. A static
force-displacement relationship is obtained from Eq. (4) by
imposing the acceleration vector q̈ to be zero. When a force
vector Q is applied, the output displacement vector is

q = K−1Q. (10)

For a general multi-DOF spring-mass system, several
methods such as force analysis method, observation method,
stiffness and compliance method, and Lagrange equation
method are proposed to obtain the stiffness matrix. In this
work, the observation method16 is applied. It is based on the
fact that the diagonal element kii of the stiffness matrix is the
sum of the stiffness of the elastic elements connecting with the
ith rigid body, and the non-diagonal element is −kij, where kij

is the sum of the stiffness of elastic elements connecting with
both the ith and the jth rigid bodies.

Assume that there are ni flexures connecting with the ith
rigid body. As shown in Fig. 6, transforming the displacement
screw �qi = [�xi, �yi, �zi, �θ xi, �θ yi, �θ zi]T of the ith rigid
body from Oi − XYZ to Oij − XYZ yields

�qi j = JT
i j�qi , j = 1, 2, . . . , ni , (11)

where

Ji j =
[

I 0

C(
−−−→
Oi Oi j ) I

] [
R(Oi/Oi j ) 0

0 R(Oi/Oi j )

]
.

(12)
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ith Rigid body 

X

Y
Z

i ijO O X

Y

Z

jth Flexure hinge
X

Y

Z
Oi

Oij Oji

FIG. 6. ith rigid body connected with jth flexure.

R(Oi/Oij) is the rotation matrix from Oi − XYZ to Oij − XYZ.
It is characterized by three rotating angles Oij − XYZ with
respect to Oi − XYZ, and has the form15

R(θ ) = Rx (θx ) · Ry(θy) · Rz(θz), (13)

Rx (θx ) =

⎡
⎢⎢⎣

1 0 0

0 cos θx − sin θx

0 sin θx cos θx

⎤
⎥⎥⎦ , (14)

Ry(θy) =

⎡
⎢⎢⎣

cos θy 0 sin θy

0 1 0

− sin θy 0 cos θy

⎤
⎥⎥⎦ , (15)

Rz(θz) =

⎡
⎢⎢⎣

cos θz − sin θz 0

sin θz cos θz 0

0 0 1

⎤
⎥⎥⎦ , (16)

and the matrix C(
−−−→
Oi Oi j ) is

C(
−−−→
Oi Oi j ) =

⎡
⎢⎢⎣

0 −rz ry

rz 0 −rx

−r y rx 0

⎤
⎥⎥⎦ , (17)

where [rx, ry, rz]T represents the vector r(
−−−→
Oi Oi j ) expressed in

Oi − XYZ. When Oi − XYZ has a rotational displacement �φi

= [�θ xi, �θ yi, �θ zi]T, Oij has an offset translational displace-
ment

dr(
−−−→
Oi Oi j ) = �φi × r(

−−−→
Oi Oi j ) = C(

−−−→
Oi Oi j )

T �φi . (18)

As illustrated in Fig. 7, the 6 × 6 compliance and stiffness
matrices of a single straight flexure hinge in its local coordi-

Fy

FxMz

X

Y

X

t

l

b

FzZ Mx

My

O

FIG. 7. Model of a flexure hinge.

nate system are described as17

C0 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

l
Ebt 0 0 0 0 0

0 4l3

Ebt3 + l
Gbt 0 0 0 6l2

Ebt3

0 0 4l3

Eb3t + l
Gbt 0 − 6l2

Eb3t 0

0 0 0 3l
Gbt3 0 0

0 0 − 6l2

Eb3t 0 12l
Eb3t 0

0 6l2

Ebt3 0 0 0 12l
Ebt3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

K0 = (C0)−1, (19)

where E is the elastic modulus, and G is the shear modulus of
the material. The stiffness matrix of the flexure hinge is the
inverse of the compliance matrix.

Assuming that the stiffness of the flexure represented in
Oji − XYZ is Kji, the force screw applied to point Oij is

Fi j = K j i�qi j = K j i JT
i j�qi . (20)

When a force vector fi j = [ fxi j , fyi j , fzi j ]
T is applied to point

Oij, the additional moment vector mi with respect to Oi − XYZ
is

mi = r(
−−−→
Oi Oi j ) × fi j = C(

−−−→
Oi Oi j )fi j . (21)

If fij is the force component of Fij, the equivalent force screw
Fi applied to Oi can be represented as

Fi = [fi , mi ]
T = Ji j Fi j = Ji j Ki j�qi j = Ji j Ki j JT

i j�qi .

(22)
Thus, the diagonal sub-matrix K̃i i has the form

K̃i i =
ni∑

j=1

Ji j Ki j JT
i j . (23)

Assume that there are nij flexures connecting with both
the ith and jth rigid bodies. As shown in Fig. 8, transform-
ing the displacement screw of the jth rigid body �qj from Oi

− XYZ to Ojik − XYZ yields

�q j ik = JT
jik�q j , k = 1, 2, . . . , ni j , (24)

where

J j ik =
⎡
⎣ I 0

C(
−−−−→
O j O jik) I

⎤
⎦ [

R(O j/O jik) 0

0 R(O j/O jik)

]
.

(25)
The force screw applied to point Ojik is

F j ik = Ki jk�q j ik = Ki jkJT
jik�q j . (26)

Transforming the force screw Fjik to Oijk − XYZ and then to
Oi − XYZ results in

Fik = Ji jkFi jk = Ji jkHi jkF j ik

= Ji jkHi jkKi jk�q j ik = Ji jkHi jkKi jkJT
jik�q j , (27)
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FIG. 8. ith rigid body connects with jth with kth flexure.

where Hi jk = [ I 0
C(−−−→Oi jk O jik ) I ], Ji jk = [ I 0

C(−−→Oi Oi jk ) I ]

× [ R(Oi /Oi jk ) 0
0 R(Oi /Oi jk ) ]. Hence, the non-diagonal

sub-matrix K̃i j has the form

K̃i j =
ni j∑

k=1

Ji jkHi jkKi jkJT
jik, K̃ j i = K̃T

i j . (28)

Considering the first rigid body, there are four paral-
lel flexures connecting to it, as shown in Fig. 9. The di-
agonal matrix element K̃11, which is the sum of the stiff-
ness of the four hinges with respect to O1 − XYZ, can be
derived as

K̃11 =
4∑

j=1

J1 j K1 j JT
1 j =

4∑
j=1

D1 j R1 j K1 j (D1 j R1 j )
T , (29)

where

D1 j =
[

I 0

C(
−−−→
O1 O1 j ) I

]
,

R11 = R12 =
[

Rz(0◦) 0

0 Rz(0◦)

]
,

R13 = R14 =
[

Rz(180◦) 0

0 Rz(180◦)

]
.

All the sub-matrices of the matrix K can be obtained from
Eqs. (23) and (28). The stage has the same structure in the four
limbs; thus, the sub-matrices in the other three limbs can be
obtained directly by coordinate transformation. For instance,
after coordinate transformation, the diagonal sub-matrices of
the 5th, 9th, and 12th rigid bodies illustrated in Fig. 4(b) are
obtained as follows:

K̃55=
⎡
⎣Rz(−90◦) 0

0 Rz(−90◦)

⎤
⎦ K̃11

⎡
⎣Rz(−90◦) 0

0 Rz(−90◦)

⎤
⎦

T

,

K̃99=
⎡
⎣Rz(180◦) 0

0 Rz(180◦)

⎤
⎦ K̃11

⎡
⎣ Rz(180◦) 0

0 Rz(180◦)

⎤
⎦

T

,

K̃1212=
⎡
⎣ Rz(90◦) 0

0 Rz(90◦)

⎤
⎦ K̃11

⎡
⎣ Rz(90◦) 0

0 Rz(90◦)

⎤
⎦

T

.

(30)

Based on the vibrations theory, the generalized eigenval-
ues of M with respect to K can be obtained by solving the
following characteristic equation∣∣λI − M−1K

∣∣ = 0 (31)

and the natural frequencies of the dynamic system described
by Eq. (4) are

fi = 1

2π

√
λi , i = 1, 2, . . . , 6n. (32)
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TABLE I. Design specifications of the stage.

Travel range >40 × 40 μm
Unloaded resonant frequency > 250 Hz
Maximum driving force <100 N
Load capacity >100 N

IV. OPTIMAL DESIGN AND FEA VALIDATION

A. Optimal design

Optimal design based on the stiffness matrix model
described above is performed to obtain the best performance
under the design specifications and certain constraints, e.g.,
the maximum stress should be less than the allowable stress,
the workspace should be large enough. Table I illustrates the
design specifications of the stage. The objective function of
the optimization is the translational natural frequency f of
the stage. The variables to be optimized are the dimensional
parameters l, b, and t of a single flexure hinge, as shown in
Fig. 7. The constraints are described as follows:

(1) Maximum stress: The maximum stress generated at the
root of flexure should be lower than the allowable stress.
The constraint can be expressed as

σmax = M

W
= K

3δmax Et

l2
≤ [σ ] = σY

n
, (33)

where M is the maximum bending moment, W = 1
6 bt3

is the bending section modulus, K is the stress concen-
tration factor, δmax is the maximum displacement of the

flexure, E is the Young’s modulus of the material, σ Y is
the yield stress of the material, and n is the safety factor
chosen as 2.5. To reduce the stress concentrations at the
root of the flexure, the flexure is designed to be corner-
filleted. After finite element analysis over a wide range
over different corner radius of the flexures, the stress
concentration factor is conservatively specified as 2 cor-
responded with the zero corner radius.

(2) Workspace of the stage: The workspace of the stage �Ls

× �Ls should be larger than the threshold determined by
the task, which is chosen as 40 μm × 40 μm here. The
maximum nominal displacement of the PZT is �Lnom

= 45 μm. The maximum displacement of the stage is

�Ls = K p�Lnom − Fpre

Ks + K p
, (34)

where Kp is the stiffness of the PZT, Ks is the trans-
lational stiffness of the stage, and Fpre is the preload
force which is not considered in the design process of
the stage.

(3) Maximum driving force: Consider that the moving plat-
form may have an acceleration when the PZT tracks si-
nusoidal or other waveform with high-frequency. The
PZT needs to provide the force to generate the accelera-
tion of the stage. The maximum force (Fmax = Ks�Ls)
applied to the stage in the static state is chosen to be
less than 1/10 of the PZT’s push force capacity which is
1000 N for the selected PZT.

FIG. 10. Dimensional information of the stage.
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(4) Rotational resonance frequency: In order to effectively
prevent the rotational movement of the stage, the rota-
tional resonance frequency of the stage is chosen to be
two times greater than the translational resonance fre-
quency. Both the translational and rotational resonance
frequencies can be calculated from Eq. (32).

(5) Parameter range: In order to increase the axial stiffness
of the flexure hinge and realize the decoupled function
provided by flexure module A, the length of the flex-
ure l should satisfy l ≥ 15t. The ranges of the variables
are chosen as follows: 8 mm ≤ l ≤ 20 mm, 18 mm ≤ b
≤ 25 mm, and 0.6 mm ≤ t ≤ 1.5 mm.

The optimization is implemented by the “fmincon” func-
tion in MATLAB, and the optimal solutions are l = 12 mm,
b = 20 mm and t = 0.8 mm. Moreover, because the width
of the wire cutting path is 1 mm, the corner radius of the flex-
ures is specified as 0.5 mm to reduce the stress concentrations.
The detailed dimensional information of the stage are shown
in Fig. 10, where all the hinges and limbs are designed with
the same dimensions.

Based on the designed parameters of the stage, the mo-
tions of the end-effector (the 15th rigid body) are calculated
using Eq. (10) when two forces Fx and Fy are vertically ap-
plied to the 2nd and 6th rigid bodies. Figure 11(a) shows the
calculated displacement of the end-effector along X direction.
It is seen that the X directional displacement is independent of
the force Fy applied. Figure 11(b) shows the calculated para-
sitic rotations of the end-effector. It is seen that the rotational
parasitic motion does not occur when two equal forces are
applied, and increases as the difference between the two di-
rectional forces becomes large. However, the rotational para-
sitic motion is small enough to be ignored. By simplifying the
Eq. (10), the planar motions of the end-effector and the two
applied forces Fx and Fy have the following relationship:⎡

⎢⎢⎣
ux

uy

θz

⎤
⎥⎥⎦ =

⎡
⎢⎢⎢⎣

6.06e − 7 −1.10e − 38

−1.10e − 38 6.06e − 7

1.10e − 21 −1.10e − 21

⎤
⎥⎥⎥⎦

[
Fx

Fy

]
. (35)

It is seen that the motions of the stage are decoupled and the
parasitic motion is very small.

Considering the load capacity of the stage, when output
load vector Q15 is applied to the end-effector, the motions of
the end-effector can be calculated by

q15 = (K̃1515)−1Q15. (36)

The non-diagonal elements of the matrix K̃1515 is much
smaller than its diagonal elements. Therefore, the matrix
K̃1515 can be considered as a diagonal matrix, and all the
6-DOFs of the end-effector are decoupled when the external
load is applied. The six-axis stiffness of the end-effector de-
rived from the diagonal elements of the K̃1515 are listed in
Table II.

B. FEA validation

In order to verify the optimal design, the finite element
analysis (FEA) with ANSYS software is employed to estimate
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FIG. 11. Displacement of the 15th rigid body. (a) The X directional displace-
ment. (b) Rotational parasitic motion.

the static and dynamic performances of the structure. The
three-dimensional (3D) model is generated by Solidworks and
subsequently imported to ANSYS in parasolid format. The 3D
tetrahedron element SOLID 92 is used to mesh this model.
When the designed maximum driving force Fmax is applied to
the stage and the applied load is zero, the static von-mises
stress and deformation are shown in Fig. 12(a). The

TABLE II. Output stiffness of the stage.

KX 1.626 (N/μm)
KY 1.626 (N/μm)
KZ 10.76 (N/μm)
KθX 39.22 (Nm/mrad)
KθY 39.22 (Nm/mrad)
KθZ 8.62 (Nm/mrad)
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FIG. 12. Static deformation and von-mises stress analyzed by FEA. (a) Static deformation under PZT’s maximum driving force. (b) Von-mises stress under
vertical load.

simulation result shows that the stage has a workspace of
41 μm × 41 μm and maximum stress of 25 MPa. Ignoring
the stress concentrations, the analytical result of the maximum
static stress is calculated as 23 MPa from Eq. (33). It is seen
that the maximum stress of the FEA results is 10% larger than
the analytical results. Thus the analytical and FEA results can

be in good agreement when the stress concentration factor K
is specified as 1.1 for the corner radius of 0.5 mm. Further-
more, Fig. 12(b) shows the von-mises stress distribution when
two maximum driving forces and a normal load of 200 N are
applied on the stage simultaneously. The maximum stress is
only 41 MPa, which is much lower than the allowable stress
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FIG. 13. Modal analysis results provided by FEA.

TABLE III. Comparison of the modal frequencies.

X- Y- θz- Z- θx- θy-
direction direction direction direction direction direction

Stiffness
matrix
(Hz)

417 417 848 982 1604 1604

FEA (Hz) 393 396 842 889 1379 1379
Error 5.17% 5.03% 0.71% 9.47% 14.03% 14.03%

MATLAB
Simulink

RTW
Xpc target

Real-time kernel

TCP/IP network connection

Application generated by RTW
Parameter tuning and monitor

PCI
bus

Analog out

Analog in

FIG. 15. Block diagram of the whole system.

(200 MPa) of the body material. Therefore, the load capac-
ity of the stage can reach up to 200 N. The modal shapes of
the stage are shown in Fig. 13. The unloaded modal frequen-
cies calculated by the stiffness matrix model and the FEA are
compared in Table III. The two results agree well. A more
specific comparison shows that the resonance vibrations of
the secondary stages in the four limbs which are the major
sources of the lowest frequency vibrations of the aforemen-
tioned mechanism10 are effectively suppressed due to the use
of the distributed-compliance modules. The FEA results also
show that the resonant frequencies of the stage at 2 kg and
5 kg load are 128 Hz and 82 Hz, respectively.

V. EXPERIMENTAL SETUP AND TESTS

A. Experimental setup

In this section, an experimental platform as shown in
Fig. 14 is established to verify the development. The XY
stage is fabricated by wire cutting and the material of the
stage is aluminum 7075. Two PZTs (P-840.30 from PI) are
adopted to drive the XY stage through a two-channel PZT

Capacitive
sensor

PZT

Sensor
adjuster

Micro-
positioning

stage

Host PCTarget PC
Preload
screw

DAQ Terminal 
board

PZT
Amplifier&

servo
controller

FIG. 14. Experimental setup of the XY micro-positioning stage.
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amplifier (E-503.00 from PI). Two capacitive displacement
sensors (D-100.00 from PI) are used to measure the dis-
placements along the X and Y directions of the stage.
The analog voltage outputs of the two sensors are con-
nected to a two-channel position servo-control module (E-
509 from PI). The data acquisition card (NI-6221 from NI)
equipped with 16-bit A/D and D/A converters is used to
acquire the voltage of the capacitive sensors (0–10 V) and
to apply the control voltage (0–10 V) to the PZT ampli-
fier. A real-time digital control system with the hardware
in the loop technique is built to perform the semi-physical
simulation based on the xPC target. The real time work-
shop (RTW) toolbox in MATLAB on the host PC gener-
ates real time application codes using Simulink models.18

The block diagram of the whole system is illustrated in
Fig. 15.

B. Static and dynamic test

Several experiments are executed to obtain the static and
dynamic performances of the stage. In this paper, all the ex-
periments are conducted when there is no external load ap-
plied to the stage. According to the experimental tests, the
stage has a workspace of 40 μm × 40 μm which corre-
sponds well with the designed objective and the FEA results.
The test of the static cross couplings of the two axes is also
performed and the results are shown in Fig. 16. It is seen
that the maximum cross couplings between the two axes in
open-loop are less than 0.5%, which are small enough to be
ignored.

To test the natural frequency of the micro-positioning
stage, an impulse force is exerted on the input point of the
stage by a modal hammer when the PZTs are not mounted
on the stage. The time response in direction X is shown in
Fig. 17. The unloaded vibration frequency is about 340 Hz,
which shows an error of 18% relative to the FEA result. The
error may be caused by the mass of the two capacitive sen-
sors and their mounting bracket, manufacturing tolerances,
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and machining imperfections. By the same testing method,
the experimental results show that the resonant frequencies of
the loaded system at 2 kg and 5 kg are 105 Hz and 68 Hz,
respectively. In summary, the loaded resonant frequencies ob-
tained by the stiffness matrix model, the FEA and the tests are
listed in Table IV.

To obtain the dynamic characteristic of the whole system,
the open-loop step response of the system is analyzed in the
time domain. The square wave excitation signals (50 V) are
used to drive the PZTs in the X and Y directions, denoted by
Vx and Vy (in volts), respectively. The displacement outputs
along the X and Y directions of the stage are denoted by Dx

and Dy (in μm), respectively. System identification toolbox
(ident) of MATLAB are used to identify the system models,
which are described as Gxx = Dx(s)/Vx(s), Gyx = Dy(s)/Vx(s),
Gyy = Dy(s)/Vy(s), and Gxy = Dx(s)/Vy(s). The transfer

TABLE IV. Comparison of the loaded resonant frequencies.

Analytical results FEA results Test results
(Hz) (Hz) (Hz)

@2 kg 136 128 105
@5 kg 89 82 68
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FIG. 18. Frequency response of the identified models. (a) Gxx. (b) Gyx. (c) Gxy. (d) Gyy.

functions of the identified models Gxx and Gyy are given by

Gxx (s) = 8.01s3 − 5.932 × 105s2 + 4.794 × 1010s + 1.307 × 1015

s4 + 3.206 × 104s3 + 4.279 × 109s2 + 2.773 × 1013s + 3.518 × 1014
, (37)

G yy(s) = −522.1s3 + 3.847 × 107s2 − 1.976 × 1012s + 3.661 × 1016

s4 + 4.749 × 104s3 + 4.701 × 109s2 + 6.341 × 1013s + 9.992 × 1015
. (38)

Figure 18 plots the frequency responses of the identified
models Gxx, Gyx, Gyy, and Gxy. The magnitude of the cross-
coupling terms Gyx and Gxy are about −50 dB and −45 dB
less than that of Gxx and Gyy, respectively. It is reasonable
to utilize single-input-single-out (SISO) control strategies for
positioning and tracking control.

VI. CONTROLLER DESIGN AND EXPERIMENTAL
RESULTS

A. Controller design

Although the PZT is widely adopted as an actuator in
the micro-positioning stage for its excellent features, the
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performance of the PZT-actuated stage is severely limited by
the hysteresis and creep behaviors of the PZT and plant un-
certainties of the developed model.19 In this section, we shall
propose a feedback control strategy with an inversion-based
feedforward controller.

Based on the developed dynamic model of the stage, an
inversion-based control approach is introduced to generate
feedforward inputs. For a desired trajectory Pd(·), the feed-
forward input Vff(·) can be derived by inverting the stage’s
dynamics Gxx and Gyy as follows20

Vff(·) = G−1[Pd (·)]. (39)

Therefore, when the desired trajectory is a periodic sinusoidal
of frequency ω, pd(t) = a + b sin (ωt), the inverse feedforward

FIG. 22. Multi-dimensional laser interferometer system.
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input can be computed as

u f f (t) = a

Gxx (0)
+ b

|Gxx (iω)| sin(ωt − φ), (40)

where φ = � Gxx(iω). The dc-gain Gxx(0) is the ratio of the
displacement and voltage for the stage in the static condition.
For the periodic triangle trajectory,

pd (t) = B +
∞∑

k=1

Ak sin(ωk t), k = 1, 3, 5, 7, 9, . . . ,

(41)
where Ak = 2A 8

π2
(−1)(k−1)/2

k2 , and A is the amplitude of triangu-
lar wave. Thus, the feedforward input is

u f f (t) = B

Gxx (0)
+

∞∑
k=1

Ak

|Gxx (iωk)| sin(ωk t − φk), (42)

where φk = � Gxx(iωk).
Moreover, the traditional proportional-integral-derivative

(PID) feedback controller is adopted to compensate for the
nonlinearities and uncertainties.21 The PID controller in the

TABLE V. Performance specifications and main parameters of the stage.

Travel range 41 × 41 μm
Close-loop positioning resolution 3 nm
Unloaded resonant frequency 340 Hz
Resonance frequency @2kg load 105 Hz
Resonance frequency @5kg load 68 Hz
Stiffness along working direction 1.626 N/μm
Maximum driving force 70 N
Load capacity 200 N
Static/dynamic cross coupling 1.5% /−45 dB
Repeatability ±19 nm
Deviation 50 nm
Yaw/Pitch 4.8/8.4 μrad
Body material Aluminum7075

TABLE VI. Tracking performance of different controllers at the input rate
of 1 Hz and 10 Hz.

Frequency MTE RMSTE
(Hz) Controller (μm) (μm)

1 feedback 0.097 0.0024
feedforward+feedback 0.041 0.000767

10 feedback 0.251 0.074
feedforward+feedback 0.096 0.021

continuous time domain can be described as

u f b(t) = K pe(t) + Ki

∫ t

0
e(τ )dτ + Kd

de(t)

dt
, (43)

where e(t) = pd(t) − p(t) is the tracking error with p(t) denot-
ing the actual position measured by the capacitive sensor; Kp,
Ki, and Kd are the proportional, integral, and derivative gains,
respectively.
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FIG. 25. Experimental results of tracking control. (a) and (c) Tracking performance in feedback control at 1 and 10 Hz, respectively; (b) and (d) tracking
performance in feedback and feedforward combined control at 1 and 10 Hz, respectively (dash-reference trajectory, solid-actual trajectory).

For the convenience of a real-time digital control in the
xPC target, the discrete form of the PID controller Eq. (43) is
implemented in this work. Therefore, the overall control input
is derived in a discrete-time form

u(kTs) = u f f (kTs) + K pe(kTs) + Ki

k∑
i=1

e(iTs)Ts

+ Kd
e(kTs) − e((k − 1)Ts)

Ts
, (44)

where k is the index of the time series and Ts is the sampling
time interval (50 μs in this work). Besides, all the computa-
tions of uff(kTs) in the feedforward controller are performed
off-line so as to minimize the execute time to compute the
control voltage within a sampling interval. The SISO control
block diagram for the XY stage is illustrated in Fig. 19.

B. Experimental results

1. Positioning performance test

To obtain the positioning resolution of the XY stage, an
experiment with a staircase input signal with 3 nm height is
performed using the PID feedback controller. The PID gains
Kp, Ki, and Kd are tuned by trial and error method during the
experiments to generate the best control results. In the stair-
case responses, as shown in Fig. 20, an accuracy of 3 nm is
attained. The 5 μm step response with PID controller for the
stage in X direction is also shown in Fig. 21. The experimen-
tal show that the system clearly has fast response (the time
constant is less than 15 ms), high resolution, and the low
overshoot.

To evaluate the positioning accuracy of the stage, a mul-
tidimensional two-beam laser interferometer (SP-120D from
SIOS) is employed to measure the six-DOF displacements
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of the end-effector, as shown in Fig. 22. First, the displace-
ments of 15 measurement positions along X axis for 30 μm
with 2 μm steps are measured by laser interferometer back
and forth 20 times to determine the linear motion accuracy
of the stage. The test results are summarized in Fig. 23. It is
seen that the stage has the repeatability of ±19 nm and the
maximum deviation of 50 nm for the travel range of 30 μm.
Secondly, when only the X axis is driven, the displacements in
the Y, yaw and pitch directions are measured and the results
are depicted in Fig. 24. It is seen that for the 30 μm travel
range the maximum cross coupling between the two linear
motion axes in close-loop is only about 1.5%, and the maxi-
mum rotational displacements in the yaw and pitch directions
are only about 4.8 μrad and 8.4 μrad, respectively. According
to the experiments results, the performance specifications and
main parameters of the stage are shown in Table V.

2. Tracking performance test

The tracking performances of the XY stage are evalu-
ated as well. The sinusoidal motion tracking results of the

5 μm peak-to-peak amplitude sine-wave signals at the input
frequencies of 1 Hz and 10 Hz are described in Fig. 25. In
Table VI, the tracking performance of different controllers
is summarized with respect to the maximum tracking error
(MTE) and the root-mean-square tracking error (RMSTE).21

Compared with the standalone feedback control approach, the
feedback plus feedforward control approach reduces the MTE
and RMSTE by above 70% when the input frequency is 10
Hz. Tracking accuracy is greatly improved by the developed
controller.

The experimental results of circular contouring with
a radius of 10 μm at four different speeds ranging from
60–500 μm/s are also shown in Fig. 26. No significant dis-
tortion of circular motion is shown at high speed. Moreover,
the MTE and RMSTE of the circular contouring results are il-
lustrated in the Fig. 27, and they do not increase significantly
as the speed increases. The experimental results show that the
excellent tracking performance of the stage are achieved by
the proposed stage and controller, and the cross coupling be-
tween the two linear motions is very small even in the high
speed tracking.
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VII. CONCLUSION

In this paper, a decoupled parallel micro-positioning
stage is proposed to realize the 2-DOF ultraprecision trans-
lational movement. Two types of compound parallel flexure
modules and a mirror symmetric structure are utilized to re-
duce the input and output couplings, and the parasitic mo-
tions. The distributed-compliance modules are used to in-
crease the stiffness and bandwidth of the stage. An additional
decoupler along with the actuator isolation provides double
protection to the PZT. This kind of structure has the ad-
vantages of low thermal and manufacturing sensitivity, high
structure stiffness, high carrying capacity, and high natural
frequency. The stiffness matrix approach is used to model the
statics and dynamics of the compliant mechanism, which is
validated by FEA via ANSYS. After dimensional optimiza-
tion, a prototype stage is fabricated by wire cutting. Both
the theoretic analysis and experimental tests show good de-
coupling performance of the stage. Based on the identified
dynamic model, an inversion-based feedforward controller in
conjunction with a PID controller is applied to compensate for
the nonlinearities and uncertainties. The experimental results
show that excellent positioning and tracking performances
are achieved, which verifies the effectiveness of the proposed

mechanism and controller design. It is worth mentioning that
the tested resonant frequencies of the stage at 2 kg and 5 kg
load are 105 Hz and 68 Hz respectively, which show very
good load capacity of the developed stage. The load capac-
ity can be improved by increasing the minimum thickness (t),
thickness (b), and decreasing the length (l) of the flexure. Be-
sides, the layout of stage can be more compact to increase the
load capacity.
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