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This paper presents a novel real-time inverse hysteresis compensation method for piezoelectric
actuators exhibiting asymmetric hysteresis effect. The proposed method directly utilizes a modified
Prandtl-Ishlinskii hysteresis model to characterize the inverse hysteresis effect of piezoelectric
actuators. The hysteresis model is then cascaded in the feedforward path for hysteresis cancel-
lation. It avoids the complex and difficult mathematical procedure for constructing an inversion
of the hysteresis model. For the purpose of validation, an experimental platform is established.
To identify the model parameters, an adaptive particle swarm optimization algorithm is adopted.
Based on the identified model parameters, a real-time feedforward controller is implemented for
fast hysteresis compensation. Finally, tests are conducted with various kinds of trajectories. The
experimental results show that the tracking errors caused by the hysteresis effect are reduced
by about 90%, which clearly demonstrates the effectiveness of the proposed inverse compensa-
tion method with the modified Prandtl-Ishlinskii model. © 2012 American Institute of Physics.
[http://dx.doi.org/10.1063/1.4728575]

I. INTRODUCTION

With the increasing development of nanoscience and nan-
otechnology, piezoelectric actuators with nanometer or sub-
nanometer positioning resolution have been widely applied
for actuation in various industrial applications such as scan-
ning probe microscopes (SPMs),1 atomic force microscopes
(AFMs),2, 3 and micromanipulation.4, 5 However, a major dis-
advantage of piezoelectric actuators is the complex voltage-
displacement hysteresis nonlinearity as depicted in Fig. 1.
Owing to its non-smooth and non-memoryless nature as well
as multi-valuedness, hysteresis usually causes severe limita-
tions on the performances (tracking precision and stability,
etc.) of piezoelectric actuators.6, 7 Alternatively, hysteresis can
be significantly reduced if piezoelectric actuators are driven
by a charge amplifier rather than a voltage amplifier.8, 9 How-
ever, the charge amplifier has not been widely adopted due
to its implementation complexity and cost.9, 10 To date, the
voltage amplifier is still the most popular approach to drive
piezoelectric actuators. In this case, development of control
techniques to mitigate the effect of hysteresis in piezoelectric
actuators has attracted significant attentions.

Feedback control techniques seem to be the best way to
reach overall substantial performances in terms of accuracy,
disturbances, vibration, and uncertainty rejection.11 However,
feedback control techniques strongly depend on the inte-
gration of the bulky sensors, which generally leads to the
difficulty for fabrication in such small systems like piezo-
actuated nanopositioning stages or micromanipulation.12

Another challenge for feedback control of piezoelectric ac-
tuators lies on the fact that they are nonlinear systems with
non-smooth nonlinearities for which traditional control meth-

a)Electronic mail: zhulm@sjtu.edu.cn.

ods are insufficient.13 A feedforward control technique is an
alternative way to remedy the hysteresis,3, 12, 14 which is de-
sired to employ an inverse of the hysteresis for compensa-
tion. As a result, the series connection of the inverse and
the real actuator can be approximated as a quasi-linear sys-
tem for which simple and traditional control strategies are
available.15 For this purpose, many works have been accom-
plished. Using the Preisach model, Ge and Jouaneh16 applied
a numerical inverse Preisach model as a feedforward com-
pensator to linearize the hysteresis nonlinearity, and exten-
sive works have then been developed in Refs. 17–19. Con-
sidering that the Preisach model is not analytically invertible,
numerical methods are generally adopted to obtain approxi-
mate inversions of the model. As a subclass of the Preisach
model, the Prandtl-Ishlinskii (P-I) model is another effective
method to describe the hysteresis nonlinearity by a single
threshold variable.20 The main advantages of the P-I model
over the Preisach model are the reduced modeling complex-
ity and the analytical inverse for the P-I model, thus mak-
ing it more efficient for real-time applications. Krejci21 first
presented an analytical inverse expression for the classical
P-I model to cancel the symmetric hysteresis nonlinearity.
For asymmetric hysteresis cancellation, Kuhnen22 developed
a modified P-I model by introducing the deadzone operators
to generate an inverse feedforward controller. Using two dif-
ferent envelope functions based play operators, a generalized
P-I model23 is proposed to compensate for the asymmetric
and saturated hysteresis effect. In addition, other hysteresis
models24–28 with specific characteristics have also been pro-
posed to develop feedforward controllers for inverse hystere-
sis compensation.

In the above literature, on inverse hysteresis compensa-
tion, the design procedures generally consist of modeling the
real hysteresis nonlinearity, identifying the model parameters
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FIG. 1. Hysteresis curves of a piezoelectric actuator.

to match the real hysteresis and constructing an inverse model
as a desired compensator. The mathematical complexity of the
identification and inversion problem depends on the selected
modeling approaches. Different from the commonly used pro-
cedures, a direct inverse hysteresis compensation method is
proposed in this work. The new concept is motivated by the
fact that the inversion of the hysteresis effect is by nature hys-
teresis loops. The difference between the inverse hysteresis
and the real hysteresis in piezoelectric actuator is the orienta-
tion of the hysteresis loops. From the mathematical point of
view, an available hysteresis model can be directly applied to
characterize the inverse hysteresis effect instead of modeling
the real hysteresis nonlinearity. Subsequently, the identified
hysteresis model can be directly cascaded in the feedforward
path for hysteresis cancellation, which thus avoids the com-
plex and difficult mathematical procedure for developing an
inversion of the identified hysteresis model.

As far as we know, only one reported work employed
the similar idea of directly modeling the inverse hysteresis ef-
fect, which was accomplished by Professor Devasia’s group
at University of Washington.29 However, it is quite difficult
to develop a real-time feedforward controller because of the
great computational cost for calculation with the Preisach
model. In fact, the real-time hysteresis compensation requires
the availability of sufficiently fast algorithms for implementa-
tion. In addition, the experimental verification with different
motion trajectories was not addressed in their work. As a sub-
class of the Preisach model, the P-I model is more efficient for
real-time applications.21 However, the classical P-I model can
only characterize the symmetric hysteresis behavior. To over-
come this limitation, a modified P-I model is proposed in this
paper to characterize the inverse hysteresis effect of the piezo-
electric actuator with the asymmetric behavior, which can be
directly utilized for inverse hysteresis compensation. Without
using the nonlinear deadzone operators22 or the nonlinear play
operators,23 the modified P-I model combines weighted one-
side play operators and a polynomial input function to de-
scribe the inverse hysteresis loops. The hysteresis shapes can
be determined by not only the weighted play operators but

also the input function. The proposed method along with the
improved P-I model in this work is much simpler and easier to
be implemented for a real-time controller. To validate the de-
scriptions, an effective informed adaptive particle swarm op-
timization algorithm30 is adopted as one of the optimization
algorithms to identify the model parameters. Then, the identi-
fied modified P-I model is implemented into a real-time feed-
forward controller for fast inverse hysteresis compensation.
Finally, tests are conducted with various kinds of referenced
trajectories. The experimental results show that the tracking
errors caused by the hysteresis effect are reduced by about
90% with the developed feedforward controller. It therefore
demonstrates the effectiveness of the new inverse hysteresis
compensation method with the modified P-I model.

II. MODIFIED P-I MODEL

For direct inverse hysteresis compensation, a hysteresis
model should be utilized to capture the inverse hysteresis ef-
fect. Due to the asymmetric hysteresis characteristic of the
piezoelectric actuator as shown in Fig. 1, a modified P-I model
is developed in this work on the basis of the classical P-
I model. Without using the nonlinear deadzone operators22

or the nonlinear play operators,23 the developed modified P-I
model combines weighted one-side play operators and a poly-
nomial input function to describe the asymmetric hysteresis
effect of the piezoelectric actuator. In the following, the de-
veloped model is first introduced.

A. Classical P-I model

The play operator20 defined with a threshold r is widely
applied in the P-I model for hysteresis description. Gener-
ally, the one-dimensional play operator can be recognized as
a piston with plunger of length 2r. The output Fr[x](t) is the
position of the center of the piston, and the input x is the
plunger position. Considering the positive excitation nature
of the piezoelectric actuator, an one-side play operator31 is
adopted in this work as follows:

Fr [x](0) = fr (x(0), 0),

Fr [x](t) = fr (x(t), Fr [x](ti))
(1)

for ti < t ≤ ti + 1, 0 ≤ i ≤ N − 1 with

fr (v,w) = max(v − r, min(v,w)), (2)

where 0 = t0 < t1 < · · · < tN = tE is a partition of [0, tE], such
that the function x(t) is monotone on each of the subintervals
[ti, ti + 1]. The argument of the operator is written in square
brackets to indicate the functional dependence, since it maps
a function to another function. As an illustration, Fig. 2 shows
the transfer characteristics of the one-side play operator.

Remark: It is worth mentioning that the one-side play
operator is adopted in this work due to the positive excita-
tion nature of the used piezoelectric actuator. For piezoelec-
tric actuators with a positive and negative excitation, one can
easily replace the one-side play operator by the classical play
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FIG. 2. Input-output relationships of an one-side play operator.

operator. Without losing generality, we use the one-side play
operator in this work.

The classical P-I model utilizes the above play operator
Fr[x](t) to describe the relationship between output yp and in-
put x by20, 31

yp(t) = p0x(t) +
∫ R

0
p(r)Fr [x](t)dr, (3)

where p(r) is a density function that is generally calculated
from the experimental data, and p0 is a positive constant. The
density function p(r) generally vanishes for large values of r,
while the choice of R = ∞ as the upper limit of integration
is widely used in the literature for the sake of convenience.21

As discussed in the Introduction, this model has been utilized
to characterize and to compensate for the symmetric hystere-
sis. However, the hysteresis studied in this work exhibits the
asymmetric shapes as shown in Fig. 1.

B. Modified P-I model

On the basis of the classical P-I model, a modified P-
I model is developed in this work for asymmetric hysteresis
description. The developed modified P-I model is defined in
terms of the weighed classical play operators and the polyno-
mial input function as follows:

yp(t) = g(x(t)) +
∫ R

0
p(r)Fr [x](t)dr, (4)

where g(x(t)) = a1x3(t) + a2x(t) is a polynomial input func-
tion with constant a1 and a2, p(r) and Fr[x](t) are defined the
same as the ones in the classical P-I model (3). It can be seen
that the difference between the modified P-I model (4) and
the classical P-I model (3) is the selection of the input func-
tion g(x(t)). The benefit for choosing such an input function
is that the modified P-I model can describe the real hystere-
sis loops in the piezoelectric actuator with asymmetric behav-
iors. It should be noted that if g(x(t)) is selected as g(x(t))
= p0x(t), the modified P-I model can be reduced to a classical
P-I model. In the following development, it shall be observed
that it is the polynomial input function g(x(t)) that makes the
modified P-I model accommodate a more general class of hys-
teresis shapes.
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FIG. 3. Hysteresis loops generated by the classical P-I model (3).

As an illustration, Fig. 3 shows the hysteresis loops
of the classical P-I model given by yp(t) = p0x(t)

+ ∫ R

0 p(r)Fr [x](t)dr with p0 = 2.42, p(r) = 5e−0.505(r−1)2
, r

∈ [0, 1] and the input x(t) = 0.5 + 0.5 sin(3t)/(1 + t). Us-
ing the same density function p(r) and input x(t), the hys-
teresis loops of the modified P-I model described by yp(t)

= g(x(t)) + ∫ R

0 p(r)Fr [x](t)dr are also shown in Fig. 4 with
g(x(t)) = −x3(t) + 2.42x(t). As a contrast, the modified P-I
model indeed describes the asymmetric loops depending on
g(x(t)).

III. HYSTERESIS COMPENSATION

In this section, the direct inverse hysteresis compen-
sation controller is designed with the developed hysteresis
model. Different from the commonly used inverse compen-
sation method reported in the literature, the proposed method
avoids the complex and difficult mathematical procedure
for developing an inversion of the hysteresis model. In the
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FIG. 4. Hysteresis loops generated by the modified P-I model (4).
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FIG. 5. Flow chart of inverse hysteresis compensation.

following development, the modified P-I model (4) is first ap-
plied to characterize the inverse hysteresis loops. According
to the experimental data, the effective informed adaptive par-
ticle swarm optimization (EIA-PSO) algorithm30 is utilized to
obtained the parameters of the modified P-I model. A feedfor-
ward controller is then designed with the identified model pa-
rameters to linearize the hysteresis nonlinearity, which forces
the actual trajectory y(t) to follow the desired trajectory yd(t).
Figure 5 shows the flow chart of the inverse hysteresis com-
pensation method. In addition, real-time hysteresis compen-
sation also requires the availability of sufficiently fast algo-
rithms for implementation. The sampling frequency is set to
20 KHz in the real-time feedforward controller.

A. Feedforward controller

To calculate the compensation signal in a digital signal
processor, a discrete form of the modified P-I model (4) is
used for real-time inverse compensation as follows:

v(t) = a1y
3
d (t) + a2yd (t) +

n∑
i=1

b(ri)Fri
[yd ](t), (5)

where n is the number of the adopted play operators for mod-
eling, and b(ri) is the weighted constant for the threshold
ri. Generally, the larger n is selected, it is more precision
to describe the inverse hysteresis loops. On the other hand,
more efforts should be made in the real-time calculation of
compensation signal. In this work, ten play operators (i.e.,
n = 10) are chosen for identification and compensation with
fixed threshold values ri, which are determined as

ri = i

n
||yd (t)||∞, i = 0, 1, 2, . . . , n − 1 (6)

with ||yd(t)||∞ = 1 in the normalized case.

Remark: It should be noted that in this work the modi-
fied P-I model is directly adopted to characterize the inverse
hysteresis effect. The difference between the inverse hystere-
sis and the real hysteresis in the piezoelectric actuator is the
orientation of the hysteresis loops, which is distinguished by
the sign of the weighted function. Therefore, the play operator
Fr in (5) is the same as the one in (3) and (4).

B. Parameters identification

In order to implement the real-time feedforward con-
troller, the main challenge lies on weighted parameters iden-
tification to establish the modified P-I model (5) for matching
the experimental inverse hysteresis loops. Due to the nonlin-
earity characteristics, it is difficult to effectively identify the
parameters.32 As an illustration of this work, the EIA-PSO
algorithm30 is introduced for simultaneous identification of all
the weighted parameters and coefficients of the polynomial
input function with the fixed threshold values ri in (6). Cer-
tainly, other optimization algorithms, for instance, the con-
strained quadratic optimization algorithm and unconstrained
nonlinear optimization algorithm, can also be used. Without
loss of generality, in what follows we use the EIA-PSO algo-
rithm to validate the proposed model and develop the corre-
sponding controller.

Generally, the selection of the objective function has im-
portant influence on the parameter identification result. In this
work, the objective function is chosen as

F (x) = 1

N

N∑
i=1

E2
i (7)

with

Ei = vi − va
i , (8)

where x = [a1, a2, b1, b2, . . . , b10] is a set of identified pa-
rameters of the modified P-I model, which is unknown for
the actual system; N denotes the number of experimental data
for identification; Ei is the error between the model simu-
lation data vi and real experimental data va

i at the ith sam-
pling time. The optimization objective herein is to find the
effective parameter values x that can minimize the objective
function F(x) in (7) with respect to the experimental data.
In this work, the identification algorithm is off-line carried
out in the MATLAB environment. The reader may refer to
Ref. 30 for detailed description of the EIA-PSO algorithm.
Table I lists the identified model parameters. Figure 6 shows
the comparison of the model simulation output and experi-
mental data for validation, where the estimated errors are less
than 1% of the total range as shown in Fig. 7. It is worth
mentioning that although the parameters is obtained by us-
ing the simple identification signals, the following experimen-
tal results shall demonstrate the excellent effectiveness of the
inverse hysteresis compensation controller with these iden-
tified parameters under various typical kinds of referenced
trajectories.
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TABLE I. Identified parameters of the modified P-I model.

Number ri bi ai

1 0 −0.00002 0.1608
2 0.1 −0.26603 1.2588
3 0.2 −0.10684
4 0.3 −0.01221
5 0.4 −0.08412
6 0.5 −0.00238
7 0.6 −0.00328
8 0.7 −0.01115
9 0.8 −0.03417
10 0.9 −0.47999

IV. EXPERIMENTAL VALIDATION

A. Experimental setup

As shown in Fig. 8, an experimental platform is built
in this work for inverse hysteresis compensation of the
piezoelectric actuator. A preloaded piezoelectric stack actu-
ator (PPSA) PSt 150/7/100 VS12 from Piezomechanik in
Germany is adopted to drive the one-dimensional flexure
hinge guiding nanopositioning stage with the nominal 75 μm
displacement. The PPSA is driven by a high-voltage ampli-
fier with a fixed gain of 15, which thus provides excitation
voltage for the PPSA in the 0–150 V range. A high-resolution
strain gauge position sensor is integrated in the PPSA to mea-
sure the real-time position for parameters identification. Then,
the real-time position is captured by the position servo-control
module, which transfers the actual displacement to analogue
voltage in the range of 0–10 V. To control of the piezoelectric
actuator, the dSPACE-DS1103 rapid prototyping controller
board equipped with 16-bit DACs and 16-bit ADCs is used
to implement the inverse hysteresis compensation algorithm.
For the purpose of fast inverse compensation, the sampling
frequency of the dSPACE control system is set to 20 kHz.
In the controller design using the dSPACE system, the con-
trol voltage v(t) is normalized to 0–1 V with respect to the
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FIG. 6. Comparison of the model simulation output and experimental data.
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0–10 V range, while the real-time displacement signal y(t) is
normalized with the maximum displacement of 75 μm.

B. Experimental tests

To verify the effectiveness of the proposed inverse com-
pensation method with the modified P-I model, several exper-
imental tests are conducted with various typical referenced
trajectories.

1. Triangular trajectory

The triangular trajectory is a typical waveform for
scanning applications of piezoelectric actuators especially in
the SPMs or AFMs.1–3 In this work, the first test is done to
follow the triangular referenced trajectory. Figure 9 shows the
tracking performance of the inverse compensation controller

PSCM HVAADC
Interface

dSPACE 
Interface Computer

(dSPACE board)

Stage with 
PPSA

DAC
Interface

FIG. 8. The experimental platform.



065106-6 Gu, Yang, and Zhu Rev. Sci. Instrum. 83, 065106 (2012)

0 2 4 6 8 10 12

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 Time (s)

 N
or

m
al

iz
ed

 D
is

pl
ac

em
en

t (
 µ

m
) 

 

 
Referenced
Actual
Compensation error

FIG. 9. Tracking performance of the inverse compensation controller with a
triangular trajectory (blue solid-referenced trajectory; red dashed-actual tra-
jectory with the inverse compensation; black dottted-tracking error).

with a triangular trajectory. From the experimental results, the
maximum tracking error is less than 1% with the proposed
feedforward controller. However, the hysteresis caused error
is about 12% if the inverse compensation controller is not im-
plemented. Therefore, the hysteresis caused error is reduced
by about 90% using the proposed hysteresis compensation
approach compared with no inverse hysteresis compensation.
Figure 10 shows the control voltage generated by the feedfor-
ward controller, where it is not the perfect triangular signal
and thus can compensate for the hysteresis nonlinearity.
To illustrate the hysteresis compensation more clearly,
Fig. 11 summarizes three input-output relationships in terms
of desired displacement vs control voltage, control voltage
vs actual displacement, and desired displacement vs actual
displacement. It can be seen that feedforward controller
indeed generates the inverse hysteresis loops (indicated
by the red dashed line in Fig. 11) compared with the real
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FIG. 10. Control voltage generated by the feedforward controller with a tri-
angular trajectory.
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FIG. 11. Three kinds of input-output relationships with a triangular tra-
jectory (red dashed-desired displacement vs control voltage; black dotted-
control voltage vs actual displacement; blue solid-desired displacement vs
actual displacement).

hysteresis nonlinearity in the piezoelectric actuator (indicated
by the black dotted line in Fig. 11), and thus achieves the
approximate linear relationship between the desired displace-
ment and the actual displacement indicated by the blue solid
line in Fig. 11, which demonstrates the effectiveness of the
inverse hysteresis compensation method.

2. Step-like trajectory

As the step-like trajectory is generally used to vali-
date the inverse hysteresis compensation controllers in the
literature,21, 31 we have also used this type of trajectory as our
reference for validation. The experimental results are shown
in Figs. 12 and 13. By introducing the inverse compensation
controller, the generated control voltage as shown in Fig. 13
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FIG. 12. Tracking performance of the inverse compensation controller with
a step-like trajectory (blue solid-referenced trajectory; red dashed-actual tra-
jectory with the inverse compensation.
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FIG. 13. Control voltage generated by the feedforward controller with a step-
like trajectory.

is asymmetric for the symmetric step-like referenced trajec-
tory, and therefore cancels the real hysteresis nonlinearity in
the piezoelectric actuator. From Fig. 12, it can be observed
that the hysteresis nonlinearity is greatly reduced. It should
be noted that the proposed method focuses on the hysteresis
compensation, and the related creep compensation is not con-
sidered in this paper. In fact, the creep can be characterized
by a definite mathematic model. It is more convenient to be
compensated by the feedforward control method as be recom-
mended in Refs. 12, 33, and 34, which is not discussed in this
work.

3. Complex trajectory

To further elucidate the advantages of the proposed
inverse hysteresis compensation method, tracking experi-
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FIG. 14. Tracking performance of the inverse compensation controller with
a complex trajectory (blue solid-referenced trajectory; red dashed-actual tra-
jectory with the inverse compensation; black dotted-tracking error).
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FIG. 15. Control voltage generated by the feedforward controller with a
complex trajectory.

ments with a complex non-periodic trajectory are con-
ducted. The experimental results are shown in Figs. 14–16.
Figure 14 shows the actual trajectory and the tracking er-
rors for the referenced trajectory. Figure 15 shows the
input control signal v(t). Figure 16 illustrates how the feedfor-
ward controller linearizes the hysteresis nonlinearity, where
both the inverse major-loop and minor-loop hysteresis loops
with asymmetric characteristics are produced by the feedfor-
ward controller to cancel the corresponding real hysteresis
effect.

As evident from the results presented in Figs. 9–16,
the proposed inverse controller with the modified P-I model
effectively overcomes the effects of the hysteresis and demon-
strates excellent tracking performance. Furthermore, the pro-
posed method is simpler and easier to be implemented in real
time.
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FIG. 16. Three kinds of input-output relationships with a complex trajectory
(red dashed-desired displacement vs control voltage; black dotted-control
voltage vs actual displacement; blue solid-desired displacement vs actual
displacement).
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V. CONCLUSION

In this paper, a real-time inverse hysteresis compensa-
tion method with a modified P-I model is presented, and
experiments on a piezoelectric actuated platform have also
been conducted to demonstrate its feasibility and effective-
ness. Several distinct features of this paper are summarized as
follows:

(i) A modified P-I model is first developed to describe the
asymmetric hysteresis characteristics. On the basis of the
classical P-I model, the improved P-I model is defined in
terms of weighted one-side play operators and a poly-
nomial input function. With this model, the hysteresis
shapes can be determined by not only the weighted play
operators but also the input function. It is the modified
input function that makes the developed model accom-
modate a more general class of hysteresis shapes. Hence,
the developed model is feasible to characterize the asym-
metric inverse hysteresis effect of the piezoelectric actu-
ator.

(ii) Rather than modeling the hysteresis effect, a real-time
feedforwad controller is designed through directly mod-
eling the inverse hysteresis effect of the piezoelectric ac-
tuator with the modified P-I model. It avoids the complex
and difficult mathematical procedure for developing an
inversion of the hysteresis model commonly used in the
literature.

(iii) Finally, an experimental platform is established. An
EIA-PSO algorithm is adopted to identify the model pa-
rameters for implementation of the real-time feedforward
controller. The experimental results with various typical
trajectories demonstrate that the tracking errors caused
by the hysteresis nonlinearity are reduced by about one
order of magnitude with the proposed method.

In the future, the creep and vibration of piezoelectric ac-
tuators will be compensated to further improve the tracking
performance of the piezoelectric actuated systems.
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