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Kinematic Modeling and Control of Variable
Curvature Soft Continuum Robots

Xinjia Huang, Jiang Zou, and Guoying Gu*

Abstract—The compliant structure and influence of external
forces usually result in complex deformation of soft continuum
robots, which makes the accurate modeling and control of the
robot challenging. In this work, we present a new variable
curvature kinematic modeling approach for soft continuum
robots by taking the external forces into consideration, achieving
both accurate motion simulation and feedforward control of
the robot. To this end, the variable curvature configuration is
firstly parameterized based on the absolute nodal coordinate
formulation (ANCF). Then, a kinematic model is developed to
describe the mappings between the defined configuration space
and the actuation space with payloads. With this model, we
achieve accurate and fast motion simulation for the soft con-
tinuum robot with different payloads and input pressures within
1 millisecond, which is verified by a set of experiments. Finally,
an inverse-model-based feedforward controller is developed for
a two-section soft continuum robot. The experimental results of
tracking complex trajectories verify the effectiveness of our model
and control strategies. The average position error of the end-
effector is 2.89% of the robot length. This work can also be
served as a tool to design and analyze soft continuum robots
with desired workspace.

Index Terms—Soft continuum robots, variable curvature mod-
eling, absolute nodal coordinate formulation, feedforward con-
trol.

I. INTRODUCTION

THE excellent features of soft continuum robots, such as
elastic compliance, adaptability to the environment, and

operational safety, have attracted significant attentions in the
field of robotics [1]–[3]. To date, there are lot of achievements
on the design of soft continuum robots, such as the cable
driven soft continuum robot [4], [5], pneumatic soft continuum
robots [6], [7], or dielectric elastomer actuated soft continuum
robots [8]–[10]. Due to their simple structures, light weight
and easy fabrication, pneumatic soft continuum robots have
shown huge potential in wide applications, such as health care,
environment exploration and safe human-robot interaction
[11]. However, due to the infinite degrees of freedom as well
as the impacts of both actuation and external forces, it is
still challenging to develop an accurate and computationally
efficient kinematic model for soft continuum robots.
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Fig. 1. Schematic illustration of the pneumatic soft continuum robot. (a)
The initial state of the soft continuum robot. (b) The soft continuum robot is
actuated by selectively inflating the chambers of actuators. (c) The picture of
a two-section pneumatic soft continuum robot.

In order to predict and control the motion of pneumatic soft
continuum robots, the widely adopted modeling approaches
can be divided into two categories: constant curvature ap-
proaches and variable curvature approaches.

For the constant curvature approaches, they are based on
the assumption that each section’s curvature of the continuum
robot is constant [12], [13]. Combining with those approaches,
the motions of fiber-reinforced actuators [14], [15] and pneu-
net actuators [16], [17] have been well predicted with different
actuator structures and input air pressures. In addition, those
approaches have also been used to develop the kinematic
and dynamic models for the control of planar [18], [19] and
spatial soft continuum robots [20], [21]. The constant curvature
approaches can achieve a significant reduction of the kinematic
model parameters, but the real curvatures of soft continuum
robots in practical are usually variable, especially when the
external forces are non-negligible [22].

To overcome the limitation of constant curvature assump-
tions, some variable curvature modeling approaches have also
been developed, which usually adopt various geometrical tech-
niques (such as piecewise constant curvature (PCC) methods
[23], [24], mode shape function (MSF) methods [25], [26],
Euler spiral methods [27], and Pythagorean hodograph curve
methods [28]) to approximate the variable curvature backbone
shape of the robots. These approaches not only can describe
the kinematics of soft continuum robots more precisely, but al-
so can be applied to establish inverse-model-based controllers
in highly variable curvature conditions. However, they mainly
focus on the geometrical description, where the mappings
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between actuation space (input air pressures) and configuration
space with different payloads are usually left out. Therefore,
additional visual [29] or displacement [23], [28] sensor sys-
tems are usually required to measure and estimate the real-time
experimental configuration of the continuum robots for control
tasks.

Although some mechanics based modeling approaches
(such as finite element methods (FEMs) [30], [31] or some
simplified methods) have taken both the actuation and external
forces into consideration, the FEMs usually need large amount
of computation and those simplified methods (including con-
tinuous [32] or discrete [33], [34] Cosserat rod approaches,
Euler-Bernoulli beam approaches [35], lumped system mod-
eling [36], [37] and geometrically exact formulation [38]) are
mainly utilized for the forward simulation. In summary, it is
still elusive to achieve fast simulation and efficient inverse
kinematic analysis simultaneously for soft continuum robots
with external forces.

In the field of dynamic analysis for flexible structures,
there is a discrete modeling approach termed as absolute
nodal coordinate formulation (ANCF), which generally adopts
the absolute coordinates and their gradients of pre-defined
discrete nodes to parameterize the configuration of flexible
structures [39]. Owing to its advantages in computational
efficiency to handle both large deformation and external forces,
ANCF is usually used for the static or dynamic forward
simulation of flexible beams and plates [40]. Inspired by its
achievements in the modeling of the soft structure made from
rubber-like material [41], we aim to utilize this method for
modeling soft continuum robots. It is found in this work that
the absolute-coordinate-based configuration parameterization
of ANCF can also contribute to efficient inverse kinematic
analysis in variable curvature conditions.

In this work, a variable curvature kinematic modeling ap-
proach based on ANCF is presented for both fast motion simu-
lation and feedforward control of soft continuum robots, where
the external forces are taken into consideration. To this end, we
firstly parameterize the variable curvature configuration of the
robot by polynomial interpolation. Afterwards, the mappings
between the actuation space and the configuration space of
the robot with payloads are derived from static analysis.
In order to identify the parameters in the model, a two-
step experimental process is designed and conducted. With
the identified model parameters, our model can accurately
simulate the motion of soft continuum robots with different
input pressures and payloads. At last, based on the developed
model, the workspace of the pneumatic soft continuum robot
is analyzed and an inverse-model-based feedforward controller
is further designed to achieve accurately position control. To
verify the effectiveness of the control strategy, we use the robot
to track complex planar trajectories (such as ”SJTU”) with
different payload conditions. The average position error of the
end-effector during trajectory tracking motions is 2.89% of the
robot length.

The remainder of this paper is organized as follows. In
Section II, the variable curvature configuration of the soft
continuum robot is parameterized by ANCF. In Section III,
the kinematic model is developed by analyzing the mappings

between the actuation space and defined configuration space
with static analysis. The identification and verification of the
model are presented in Section IV. Section V describes the de-
velopment of the inverse-model-based feedforward controller.
Section VI concludes this paper.

II. CONFIGURATION PARAMETERIZATION

In general, a pneumatic soft continuum robot mainly con-
sists of several cascaded sections that are made of pneumatic
elastomer actuators, as shown in Fig. 1(a). By selectively
inflating the chambers of these actuators, the soft continuum
robot can achieve complex motions (Fig. 1(b)) and accomplish
desired tasks. In this work, we design and fabricate a two-
section planar pneumatic soft continuum robot (as shown
in Fig. 1(c)). Each section of the robot is composed of
two fiber-reinforced actuators (made from silicone rubber)
and an inextensible layer between them (as shown in Fig.
2(a)). Due to the symmetry in structure, the robot’s section
can generate bending motions in the plane vertical to the
inextensible layer when applying different air pressures to the
actuators’ chambers. Connecting the robot’s sections to make
their motions in the same plane, the soft continuum robot can
be considered as a planar system.

In order to parameterize the robot’s configuration, we adopt
the method of ANCF. Firstly, the soft continuum robot is
discretized into n − 1 elements by n nodes set along the
center line of the robot (as shown in Fig. 2), where the i-
th element represents the region between the i-th node and
(i+ 1)-th node. In the i-th element, an arbitrary point can be
described by its arc-length parameter X ∈ [0, L0], where L0

is the element length that can differ in all the elements. Thus,
the position of a point after deformation can be expressed as
a 2 × 1 vector-valued function r (X), with the displacement
denoted as u (X). Typically, the positions of the two nodes
of this element (the i-th and (i+ 1)-th node) are r (0) and
r (L0), respectively, and their absolute coordinates are defined
as  qi

4×1 =
[
r(0)

T ∂rT

∂X |X=0

]T
qi+1

4×1 =
[
r(L0)

T ∂rT

∂X |X=L0

]T (1)

which contain the nodal positions and their gradients. Combin-
ing the absolute coordinates of the two nodes in (1) into one
vector, the absolute nodal coordinates qe of the i-th element
can be written as

qe
8×1 =

[
(qi)

T
(qi+1)

T
]T

= [qe1, qe2, ..., qe8]
T (2)

For each element, given its absolute nodal coordinates in
(2), the cubic polynomial interpolation method can be applied
to derive the expression of r (X) in matrix form as follows

r (X) = S (X)qe (3)

where S (X) is a 2 × 8 matrix defined in (4), denoting I as
a second order identity matrix. Besides, si (i =1, 2, 3, 4) is
polynomial in respect of X , which is expressed in (5)
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Fig. 2. Schematic illustration of the configuration description of the soft
continuum robot. (a) The schematic of robot’s cross section. One section of
the soft continuum robot is composed of two fiber-reinforced actuators and
an inextensible layer between them. (b) The variable curvature configuration
of the soft continuum robot is described by n− 1 elements.

S (X) =
[
s1I s2I s3I s4I

]
(4)


s1 = 2X3

L0
3 − 3X2

L0
2 + 1

s2 = X3

L0
2 − 2X2

L0
+X

s3 = −2X3

L0
3 + 3X2

L0
2

s4 = X3

L0
2 − X2

L0

(5)

The element configuration represented by (3) is able to
satisfy variable curvature bending and tensile deformation
simultaneously. The configuration space variables of the whole
robot can be defined as the absolute coordinates of all the
nodes:

q4n×1 =
(
q1

T q2
T q3

T ... qn
T

)T
(6)

In this framework, the task space variable x is defined as
the absolute coordinates of the n-th node located on the base
of end-effector, which can be written as

x4×1 =
[
q4n−3 q4n−2 q4n−1 q4n

]T
(7)

where qi is the i-th element of vector q. In this sense, the
positional vector pe and unit axial vector η of the end-effector
can be given as pe =

[
q4n−3 q4n−2

]T
η = 1√

q4n−1
2+q4n2

[
q4n−1 q4n

]T (8)

Hence, the task space variables in (7) are a part of the con-
figuration space variables (6), which can make the kinematic
mapping simplified.

III. DEVELOPMENT OF KINEMATIC MODEL

Based on the parameterization of the variable curvature
configuration, we next develop the kinematic model of soft
continuum robot to describe the mappings between the defined
configuration variables q and actuation variables (the input air

pressures) with different external forces. For this purpose, we
firstly analyze the generalized forces of the elasticity, gravity,
payload, and compressed air, respectively. Afterwards, the
kinematic mappings are characterized.

A. Elasticity

The generalized elastic force can be calculated by the
variation of the elastic potential energy that comes from the
tensile and bending deformation of the soft sections.

The tensile deformation can be measured by the axial
component of Green strain tensor [42]

ε̄ (X)=
1

2

[
∂r(X)

T

∂X

∂r (X)

∂X
− 1

]
(9)

Since there is an inextensible layer between two actuators
as shown in Fig. 2(a), the value of ε̄ (X) is small. Thus, the
bending curvature can be expressed as

k (X) =

∥∥∥∥∂2r (X)

∂X2

∥∥∥∥ (10)

Substituting (3) into (9) and (10), ε̄ (X) and k (X) can be
calculated by ε̄ (X)= 1

2

[
qe

T ∂ST (X)
∂X

∂S(X)
∂X qe − 1

]
k (X) =

(
qe

T ∂2ST (X)
∂X2

∂2S(X)
∂X2 qe

) 1
2

(11)

The total elastic potential energy in an element can be
expressed as

UE =
1

2

∫ L0

0

[
EAε̄(X)

2
+ EIk(X)

2
]
dX (12)

where EI and EA are the flexure and elongation rigidity. We
may note that the linear constitutive law is applied in (12)
to improve the calculation efficiency of our model, which
is reasonable for the silicon rubber like Elastosil M4601
when the stain is within 100% [43]. For practice, EA can
be assigned with a large value to approximate the effect
of inextensible layer, while EI can be determined by the
parameter identification process that will be discussed in the
Section V. Here, the variation of (12) can be expressed as

δUE = −
(
Qe

E

)T
δqe (13)

where Qe
E

represents the generalized elastic force vector of
the element, which can be written as

Qe
E
=− ∂UE

∂qe
(14)

B. Gravity

The gravity is considered as a distributed force along the
robot’s backbone. Defining ρ and g as the linear density of the
soft continuum robot and acceleration of gravity respectively,
the distributed force caused by the gravity can be expressed
as the vector

f (X) =
[
0 −ρg

]T
(15)
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The gravitational potential energy can then be expressed as

UG = −
∫ L0

0

f(X)
T
r (X) dX (16)

Substituting (3) into (16), the virtual work done by the
gravity is

δWG = −δUG =
(
Qe

G

)T
δqe (17)

where Qe
G

is the generalized force of gravity that can be
written as

Qe
G
=

∫ L0

0

S(X)
T
f (X) dX (18)

C. Payload

The payload on the end-effector can be modeled as a
concentrated force acted on the last node, which can be
expressed by a 2× 1 vector

F =
[
Fx Fy

]T (19)

The corresponding virtual work can be obtained by

δWL = FT δr |X=L0 =
(
Qe

F

)T
δqe (20)

where Qe
F

refers to the generalized force of external payload
expressed as

Qe
F
=

(
01×4 FT 01×2

)T
(21)

D. Compressed Air

Generally, the effect of compressed air can be modeled as a
distributed torque m (X) acted on the backbone of the robot.
The work done by it on an element can be calculated as

WM =

∫ L0

0

m (X)k (X) dX (22)

Specially, when the robot’s cross section is uniform along
the backbone, the distributed torque can be simplified as a pair
of concentrated actuation torques (−M and M ) acted on the
two ends of one robot’s section. Neglecting the deformation
of robot’s cross sections, M can be calculated by

M =
∑

SiPi (23)

where Pi is the input air pressure of the i-th chamber and Si

is a coefficient depending on the chamber shape and position.
When a bending torque M caused by compressed air is

acted on a node of element (X = 0 or L0), the virtual work
done by it can be defined by

δWM=

{
M · δθ1 (X = 0)
M · δθ2 (X = L0)

(24)

where δθ1 and δθ2 refer to the virtual rotation angles of the
center line at the two nodes of given element. In addition, the
unit axial vector n1 and n2 can be expressed as

n1 = 1√
qe32+qe42

[
qe3 qe4

]T
n2 = 1√

qe72+qe82

[
qe7 qe8

]T (25)

where qei represents the i-th element of vector qe.

Hence the two virtual rotation angles can be calculated as

δθ1 = n1 ×
(
∂n1

∂qe
δqe

)
, δθ2 = n2 ×

(
∂n2

∂qe
δqe

)
(26)

Substituting (26) into (24), the virtual work can be further
expressed as

δWM = (Qe
A)

T
δqe (27)

where Qe
A

is the generalized force generated by the com-
pressed air, which can be expressed as

Qe
A
=


[
01×2 − qe4M

qe32+qe42
qe3M

qe32+qe42 01×4
]
(X = 0)[

01×6 − qe8M
qe72+qe82

qe7M
qe72+qe82

]
(X = L0)

(28)

E. Kinematic Mappings

Based on the results of (14), (18), (21) and (28), the total
generalized forces Qe (a 8× 1 vector) acted on each element
of one robot’s section can be expressed as

Qe =

 Qe
E +Qe

G +Qe
A The first element

Qe
E +Qe

G The middle elements
Qe

E +Qe
G +Qe

F +Qe
A The end element

(29)
Then the generalized force vector Q4n×1 corresponding to

the global configuration variables q can be assembled by Qe

according to the node number. As for a multiple-sectional soft
continuum robot, the following equilibrium equations in static
condition should be satisfied:

Q (q,M (P) ,F) = 04n×1 (30)

where M is the vector representing actuation torques generated
by all the sections, and P is a vector of corresponding input
pressures in all the sections.

In practice, one end of the soft continuum robot should
be fixed on the base. This can be described in our model
by introducing a set of boundary conditions for the absolute
coordinates of the base node q1. Thus, the final equilibrium
equations come into

Q2
4n×1 (q,M (P) ,F) =

[
q1 − q̄1

Q′

]
= 04n×1 (31)

where q̄1 is the fixed value of q1, Q′ is the sub-vector
consisted by the last 4n− 4 elements of Q.

Actually, this set of equations (31) characterizes the map-
pings between the configuration variables q and actuation
variables P with the given payload F, which can be used
for both forward kinematic simulation and inverse kinematic
analysis. For the forward simulation tasks, once P and F are
given, the configuration variables q can be directly obtained
by solving (31) with Newton-Raphson algorithm [44]. The
inverse kinematic problems will be discussed in the following
Section V.

Furthermore, the derivative of (31) with respect to time can
be expressed as

Q̇2 =
∂Q2

∂q
q̇+

∂Q2

∂M
Ṁ = 0 (32)
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Fig. 3. Schematic illustration of the design and fabrication for one section of the soft continuum robot. Step 1: The silicone rubber tube is fabricated by
molding. Step 2: Fiber is then wound along the rubber tube. Step 3: A second molding step is taken to encapsulate the actuator and form a flat face. Step 4:
Two single-chamber actuators are assembled with an extensible layer between them. Step 5: Finally, one continuum robot section is sealed by two end plates,
one of which reserves two ports for the flow of the air. The cross-sectional view of the fabricated robot’s section is also shown.

Hence, the differential relationship between M and q can
be given as

q̇ = JMṀ

where JM = −
(

∂Q2

∂q

)−1
∂Q2

∂M

(33)

Combining (7) and (33), the relation between task-space
velocity and actuation force velocity can be determined by

ẋ = J̃MṀ (34)

where J̃M refers to the submatrix generated by the last four
rows of JM .

IV. PARAMETER IDENTIFICATION

In our developed model, there are two sets of actuator-
dependent parameters that need to be determined. The first one
is the flexural rigidity EI , with the other being the coefficients
Si used for the calculation of actuation torque. In the following
section, we introduce the fabrication and identification pro-
cesses for the two sections of the soft continuum robot shown
in Fig. 1(c).

A. Fabrication

In this work, two sections of a planar soft continuum robot
with double chambers (shown in Fig. 1(c)) are designed and
fabricated. As shown in Fig. 3, the fabrication processes for
each section are: i) Fabricate the silicone rubber tube by
molding; ii) Wind the fiber along the rubber tube; iii) Take
a second molding step to encapsulate the actuator and form
a flat face; iv) Assemble two actuators with an inextensible
layer between them; v) Seal the fabricated robot’s section by
two end plates, one of which reserves two ports for the flow
of the air. The geometrical parameters shown in the figure are
given as: R1 = 6 mm, R2 = 7.5 mm, R3 = 9 mm, R4 = 9
mm, L = 175 mm. In order to prevent leakage, ribbon is
wound tightly around the two ends of each robot’s section.
The end plates can also be used to connect additional robot’s
sections into a multi-sectional soft continuum robot. It should
be noted that the kinematic model we developed can handle
various materials of the actuator by the parameter identification
processes. Here, we fabricate the two robot’s sections with
different types of silicone rubber: Elastosil M4601 (for Section
1) and Dragon skin 20 (for Section 2).

y

x

| !|

Payload

Fig. 4. Schematic diagram of static loading test for one section of the soft
continuum robot.

B. Identification of Flexural Rigidity

In order to identify the flexural rigidity of each section of
the soft continuum robot, a set of static loading tests are firstly
conducted. As shown in Fig. 4, when one robot section is fixed
horizontally without actuation, the deformation of this section
is generated by gravity and the payload at end. Given a value
of EI , the vertical displacement of the section’s end q4n−2 can
be calculated by (31). When the actual vertical displacement
is measured as ye, an optimization model for identifying EI
can be formulated as

min
EI

|q4n−2 − ye|
subject to Q2 = 0

(35)

In general, the theoretical vertical displacement q4n−2 should
be monotonic with respect to the given EI . Hence the optimal
result of EI in (35) can be obtained by iteratively solving (31)
with the bisection method.

In experiments, all the displacement data are measured by a
camera system (Prime 13, OptiTrack). Loading Section 1 and
Section 2 with 30 g and 50 g weight, respectively, the actual
vertical displacements of these two sections are measured as
ye1 = −47.4 mm and ye2 = −44.7 mm. Fig. 5(a) shows the
calculated results of the relation between q4n−2 and EI for
the two sections by (31). The flexure rigidities of Section 1
and Section 2 are then determined as EI1 = 0.0231 N·m2 and
EI2 = 0.0184 N·m2, respectively.

The identification results are verified by changing the mag-
nitudes of loads and then comparing the simulated deformation
(by EI1 and EI2) and the positions of markers along the two
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sections, as shown in Fig. 5(b). The mean errors of the vertical
displacements of the end point of Section 1 and Section 2 are
measured as 0.93 mm and 0.82 mm, respectively.

C. Identification of Actuation Torques

In order to identify the relationship between the actuation
torque M and input air pressures, a set of horizontal bending
tests are firstly conducted.

Considering that when one robot’s section is settled in a
horizontal plane, the vertical gravity will have no impact on
the bending motion of it. Inflating one air chamber with input
pressure P , the total bending angle θ (P ) of the actuator can

Fig. 7. Relation among the number of elements, prediction errors, and the
calculation time for simulation of a one-section soft continuum robot (where
the robot’s length L = 175 mm, flexural rigidity EI = 0.02 N · m2, and
actuation torque M = πEI

2L
).

be formulated by

θ (P ) =

∫ La

0

M (P )

EI (X)
dX (36)

where La is the flexible length of the actuator.
Taking EI as a constant that has been identified, the

horizontal motion of the actuator can be simplified into a
constant curvature one. In this case, (36) can be reduced into

M =
EIθ (P )

La
(37)

By applying different input air pressures to each chamber of
the robot’s section, the resulted actuation torques are calculated
with (37) by measuring the bending angle. The experimental
results are shown in Fig. 6, which shows that the actuation
torque M has a considerable linear relation with the input
pressure. Hence, linear fitting method is applied to obtain the
value of coefficients Si for Section 1 (S1 = 1.23× 10−6 m3,
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S2 = −1.36 × 10−6 m3) and Section 2 (S1 = 1.44 × 10−6

m3, S2 = −1.51× 10−6 m3).

D. Verification of the Identified Model

After the identification processes, the presented model can
be used to simulate the robot’s motion with different input
pressures and payloads. We may mention that the larger num-
ber of elements can generally improve the model’s accuracy,
which, however, will increase the burden of calculation time.
As a simplified illustration, Fig. 7 shows comparisons of
calculation time and prediction errors (compared with the
theoretical values) with different number of elements for a
one-section soft continuum robot. From this figure, it can be
observed that the prediction errors are at the same level when
the number of elements is larger than four while the calculation
time is different. In the following simulation, we discreate the
flexible part of each robot’s section into 4 elements (the length
of each is 3.82 cm).

To verify the model, one set of experiments is conducted
by the following steps:

i) Fix each section’s base of the soft continuum robot in the
horizontal direction.

ii) Inflate the chambers in the two sections with certain input
pressures.

iii) Change the payloads at the end of each section gradually,
and capture the robots’ configuration.

iv) Change the input pressures and carry out step. iii
repeatedly.

The results of this set of experiments are shown in Fig. 8.
The average prediction errors of the sections’ end-positions

are 8.94 mm and the average time cost for the calculation of
the robot’s motions in all the presented conditions is 0.994
millisecond.

Remark: We note that the observed prediction errors may
be caused by several factors, including the change of robot’s
flexural rigidity during inflation, as well as the nonlinear
relation between the actuation torque and applied pressures.
The model’s accuracy can be further improved by taking the
nonlinear constitutive law rather than (12), and analyzing the
nonlinearity of the relation between the actuation torque and
applied pressures. This work mainly focuses on proposing the
new variable curvature kinematic modeling approach, and the
further improvement will be considered in the future study.

V. MOTION CONTROL

In this section, our developed kinematic model is applied
for the workspace analysis and feedforward control of the
two-section soft continuum robot shown in Fig. 1(c), with the
identified parameters introduced in Section IV.

A. Workspace Analysis
Due to their compliant bodies, the workspaces of soft robots

not only depend on their structures but also are influenced by
the payloads and base orientations.

Defining α as the orientation angle of the base, then q̄1 in
(31) can be set as

q̄1 =
[
Le cosα Le sinα cosα sinα

]
(38)

where Le is the length of an end plate. Given the input
pressures of each section of the robot, the position of the
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Fig. 10. Pneumatic regulation system.

end-effector can be calculated by (31). Setting the maximum
input air pressure as 200 kPa, the workspaces with different
loads and base orientations can be analyzed by Monte Carlo
simulation. Fig. 9 shows the unactuated configurations of the
robot and corresponding workspace in different conditions.
The result illustrates that payloads can significantly reduce the
area of the workspace while the base orientation can influent
the shape and position of it. Typically when α = −90◦, the
payloads of 30 g and 60 g will result in 37.5% and 63.8%
reduction of the workspace.

B. Feedforward Controller

In the developed kinematic model, we establish the map-
pings between the configuration variables and actuation vari-
ables with different payloads and base orientations. Here, a
feedforward controller based on our model is presented.

To begin with, giving the actual payload and coordinates
of the target point as F̄ and

[
q̄4n−3 q̄4n−3

]T
, (31) can be

rewritten as

Q2

(
h̃, c̃

)
= 04n×1

h̃4n×1 =
[
M q1 q2 ... q4n−4 q4n−1 q4n

]T
c̃4×1 =

[
F̄ q̄4n−3 q̄4n−2

]T
(39)

where h̃ and c̃ are the vectors of indeterminate and determinate
variables, respectively.

Based on (39), the inverse kinematic problem can be solved
by the following method. Firstly, the vector c̃ in (39) is
regarded as a generalized load, which can be divided into
a series of load increments. For each increment step where
c̃ = c̃i, h̃ can be updated by a loop of Newton-Raphson
process following the iterative form as follows

h̃j+1 = h̃j − Jh
−1

∣∣∣h̃=h̃j ,c̃=c̃i
Q2

(
h̃j , c̃i

)
where Jh =

∂Q2(h̃,c̃)
∂h̃

(40)

The iterative process in each increment step should be
terminated when the value of

∥∥∥Q2

(
h̃j , c̃i

)∥∥∥ satisfies the
precision requirement. Finally, the configuration variables q
and actuation torques M can be both obtained according to
target points. In order to generate desired actuation toque for
the i-th section, one of the chambers should be inflated with
input air pressure Pi, which can be calculated by the identified
model. For simplification, P i is defined as

P i =

{
Pi Mi > 0
−Pi Mi < 0

(41)

which can represent the inflated chamber and input pressure
simultaneously.

In order to implement the control strategy above, a pneu-
matic regulation system is constructed, as shown in Fig. 10.
The input air pressures for the inflation of actuators are con-
trolled by two electro-pneumatic regulators (ITV1050-312L,
SMC). Each pneumatic regulator is connected to two solenoid
valves (2V-025-08, Delixi). They are controlled by relays to
determine which chamber is under pressure regulation. All
the electro-pneumatic regulators and relays are regulated by
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Fig. 12. Trajectory tracking results of the two-section soft continuum robot. Without payload: (a) Input air pressures for two sections. (b) The comparison
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the vision system. (f) The position errors compared to the robot’s length on each given discrete point.

an Arduino Nano board interacted with MATLAB software
on PC.

C. Point-to-Point Motion

With the developed feedforward controller and the pneu-
matic regulation system, the experiment of the point-to-point
motion test is firstly conducted. The soft continuum robot is
fixed on the base in the vertical direction, where α = −90◦.

Based on the analyzed workspace, five typical target points are
set along a semicircle whose radius is 0.21 meters. According
to the positions of target points, the calculated values of input
pressures are applied to the robot. Then the real configurations
of the robot are captured by the camera system (Prime 13,
OptiTrack).

Fig. 11 shows the comparisons between the simulation and
experimental results. It demonstrates that the robot’s config-
uration simulated by our model can match the experimental
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results well, and the mean position errors of the end-effector
is 1.3 cm.

D. Trajectory Tracking

To further verify the control strategy, we use the soft
continuum robot to track complex trajectories with payloads.

As for a desired trajectory, it can be discretized by a
sequence of points {xdi, ydi}. Thus, the tracking motion can
be divided into a series of point-to-point motions, which can
be achieve by the control strategy we have discussed. It should
be noted that, the robot can possibly reach a target point with
different configurations. For the smoothness of the solutions,
the initial values of h̃ and c̃ for solving (39) with respect to
i-th point should be set as the solution for the (i− 1)-th point.

In experiment, we firstly set the orientation angle α of
the base as −90◦ , and the payloads are chosen as 0 g
and 30 g with the consideration for maintaining a relatively
suitable range of the workspace, as shown in Fig. 9. Then
trajectories of four letters ”SJTU” are defined in the analyzed
workspace, with m = 38 points assigned uniformly along
them. Afterwards, the control efforts of equivalent pressures
P 1 and P 2 defined in (41) for the two robot’s sections are
calculated for all the points, as shown in Fig. 12 (a, d). The
average time cost for the calculation of input pressures in each
target point is 0.912 millisecond implemented by MATLAB,
which allows a maximum frequency for sending the control
commands around 1 kHz. Fig. 12 (b, e) show the comparisons
between the defined trajectories and the experimental data of
the marker positions at the end-effector. Fig. 12 (c, f) show
the ratio of the position error to the robot’s length in each
discrete point along the given trajectories, the average value
of them is 2.89%. The experimental results well demonstrate
the effectiveness of the model-based feedforward controller.
Remark: Compared with the existing feedback controllers, the
presented feedforward controller does not require additional
sensor systems for measuring the robot’s real-time configura-
tion and can work stably with different loading conditions.

VI. CONCLUSION

This paper presents an ANCF-based variable curvature
kinematic modeling approach for the motion simulation and
feedforward control of pneumatic soft continuum robots with
external forces. To this end, the configuration of the soft
continuum robot is firstly parameterized by the absolute coor-
dinates of several given points along the robot’s backbone.
Afterwards, the kinematic model is developed to describe
the mappings between actuation variables and configuration
variables with static analysis. Then, the static loading and
horizontal bending tests are conducted to identify the model
parameters. With the identified model, the motions of each
robot’s section are well predicted according to the input
air pressures and payloads. At last, an inverse-model-based
feedforward controller for a two-section soft continuum robot
is developed. The comparative experimental results of point-
to-point tracking tests and trajectory tracking tests verify the
effectiveness of the model-based control strategy, and the

average position error of the end-effector is 2.89% of the robot
length.

The presented model can be used to design soft contin-
uum robots with the desired workspace and capacity under
different loading conditions and be utilized to develop the
feedforward controller without using additional sensor systems
for measuring the robot’s real-time configuration, which will
be important to extend the applications of soft continuum
robots for complex manipulation tasks in the known confined
environment. In addition, it is feasible to extend the presented
modeling approach for spatial soft continuum robots. The
main difference between the modeling object for the spatial
continuum robots (such as the three-chamber ones) and planar
ones is the configuration parameterization. In this work, the
planar soft continuum robot is used for proof-of-concept. In
fact, the effectiveness of ANCF for modeling spatial structures
(such as spatial flexible beams and plates [40], [41] ) has been
reported.
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