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Lattice structures can exhibit unusual mechanical properties by appropriate design and arrangement of
the microstructures, and have already found applications in areas such as tissue engineering, stretchable
electronics, and soft robotics. However, the designed microstructures generally follow simple geometric
patterns with constant curvatures and theoretical models are developed for each geometry particularly. It
lacks a universal method to model and design the periodic lattice constructed from microstructures with
varying curvatures. In this paper, we develop a universal approach to design polygonal lattices with a
wide range of microstructures with varying curvatures using instant curvature and parametric functions.
A finite deformation model is proposed for the microstructures and the corresponding lattices, which
considers the wavy or curled microstructure, hierarchical geometry, and large deformation. Experiments
and finite-element simulations are conducted to validate the theoretical model. All of Young’s modulus,
stretchability, and Poisson’s ratio can be inversely designed using the developed theoretical model. Results
show that the stretchability of the highly stretchable lattice can be further increased by more than 4 times
using densely curled microstructure. The signs of Poisson’s ratio can also change with the axial strain
by rationally designing the microstructures. By combining curve fitting and curvature and parametric
functions, the mechanical behaviors of lattices constructed by bioinspired microstructures can also be
predicted. The lattice structures are then demonstrated to reinforce a hydrogel with modulus increased by
around 2 orders and act as a biomimetic soft-strain sensor. This work could aid the design of a hierarchical
lattice and have potential applications in tissue engineering, stretchable electronics, and soft robotics.
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I. INTRODUCTION

Lattice structures, consisting of periodic arranged build-
ing blocks, exhibit exceptional properties and functionali-
ties that differ from and surpass those of their constituent
materials [1–9]. For example, honeycomb structures con-
structed by uniformly distributed double-layered hexago-
nal cells with high stiffness, strength, and energy absorp-
tion efficiency are developed [10,11]. Regular square grids
reinforced by intersecting diagonal struts are proposed
with potential applications in retarding crack propagation
and increasing buckling strength [12].
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Many biological materials exhibit high stretchability
and strain-stiffening effect, preventing large deformations
that may destroy tissue integrity, credited to wavy struc-
tures embedded in soft matrices [13,14]. Examples include
blood vessels [15], mesentery tissue [16], human skin
[17], lung parenchyma [18], cornea [19], and blood clots
[20]. Inspired by the structures in biological materials,
curved microstructures are used to replace the straight
beams in artifical lattices to improve the mechanical prop-
erties. When the lattices are subjected to external load-
ings, the curved microstructures bend, rotate, uncurl, and
align to the loading directions and resist excessive load-
ings by stretching. Therefore, the stretchabilities are sig-
nificantly increased and they can simultaneously exhibit
strain-stiffening behaviors with low initial modulus at
small strain and high modulus at a large strain. Also, the
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lattices’ mechanical properties, such as stretchability, elas-
tic moduli, and Poisson’s ratios (the negative ratio between
lateral and longitudinal deformations of the whole lattice
structure), can be tuned by varying the geometric parame-
ters of the curved microstructures. Thus, they have found
wide applications in areas where interactions with soft
materials are necessary, such as in hydrogel reinforcement
[21–26], stretchable electronics [27–30], and soft robotics
[31–34].

For example, kagome [35], honeycomb [36], and hyper-
bolic lattices [37] have been designed to reinforce hydrogel
in tissue engineering, in which the lattices’ Young’s mod-
uli and Poisson’s ratios are programmed to mimic those of
the biological materials. To improve the stretchabilities of
soft electronics, lattice structures with curved microstruc-
tures have been developed. Examples include rectangular
and triangular horseshoe lattice structures [30,38], fractal-
inspired constructs [27,39,40], Peano [41,42], Hilbert [27,
43], and Moore curves [27]. Due to the lightweight, shape-
changing behaviors, and multifunctionalities, lattice struc-
tures with curved microstructures have also been used
in soft robotics. For example, a magnetocapillary three-
dimensional (3D) printed soft robot is fabricated to mimic
creatures that live on the water’s surface [5], which can
exhibit different actuation modes, such as contraction,
multiple shape changes, and functional reconfigurations,
credited to its microstructures. Using the microstructure’s
buckling behavior, soft lattices that act as force switch,
kinematic controller, and a pick and place end effector have
been demonstrated [44]. A soft working robot that con-
sists of two 3D-printed lattices with auxetic behavior is
developed [45].

To further exploit the polygonal lattice structures,
appropriate modeling and design approaches that take
into account the microstructures’ mechanical behaviors
are needed. Several models are developed to model the
mechanical behaviors of lattices constructed from vari-
ous microstructures. For example, Ma et al. [46] pro-
posed periodic lattices with horseshoe microstructures
with constant curvatures and developed a finite deforma-
tion model to study their mechanical behaviors. Fan et al.
[47] extended the horseshoe into serpentine microstruc-
ture by connecting the arcs with two straight beams. Zhang
et al. [48] developed the fractal-inspired serpentine lattice
and improved the stretchability by around 200 times via
increasing the fractal order. Models for lattices with other
types of microstructures have also been widely developed,
such as straight beams [8,9], fractal horseshoe microstruc-
tures [39], zigzag microstructures [49], and sinusoidally
curved microstructures [38]. In these previous research, the
microstructures generally follow simple geometric patterns
and models are developed for each geometry particularly.
It lacks a universal method to model and design the peri-
odic lattice constructed from microstructures with varying
curvatures.

To circumvent this problem, we develop a general theo-
retical framework to design hierarchical lattice structures
constructed from various microstructures in this paper,
which takes into account the finite deformation of the
complex microstructure and hierarchical structure. Two
methods are used to design the microstructures with vary-
ing curvatures: (1) instant curvature (radius) function and
(2) parametric function. Using the two methods, a wide
range of wavy or curled microstructures and correspond-
ing lattices can be built. The constructed rectangular and
triangular lattices are shown in Figs. 1(a) and 1(b), respec-
tively. Their mechanical behaviors under external loadings
are investigated by combining finite deformation mod-
els, experiments, and finite-element (FE) simulations. The
effects of geometric parameters are studied. The designed
lattice structures are then demonstrated as a hydrogel
reinforcement and a biomimetic soft-strain sensor.

This paper is presented as follows. In Sec. II, the theoret-
ical model for the microstructures with varying curvatures
is presented. The theoretical mechanical behaviors of lat-
tices built from the microstructures are developed in Sec.
III. Experiments and FE simulations are presented in Sec.
IV. The effects of design parameters and demonstrations
are shown in Sec. V. Conclusions are given in Sec. VI.

II. THEORETICAL MODEL OF
MICROSTRUCTURES WITH VARYING

CURVATURES

The mechanical behaviors of lattices strongly depend
on their microstructures. Figure 1(a) and (b) show two
methods to design the microstructures. In Fig. 1(c), the
microstructure is formed using the relation between the
instant radius R(α) and slope angle α(0 ≤ α ≤ αend). By
directly using the curve function or parametric func-
tion, microstructures is constructed [Fig. 1(d)]. The full
microstructures are shown in Figs. 1(e) and 1(f).

A. Microstructure designed by R(α)

As schematically depicted in Fig. 2(a), when a hierar-
chical lattice structure is subjected to a uniaxial stretching,
each microstructure undergoes antisymmetric deformation
with respect to the central point [the black dot in Fig. 2(a)]
due to the antisymmetricity. Therefore, based on previ-
ous studies [46,50], we consider that the microstructure is
simply supported [Fig. 2(a)]. A horizontal force Fx and a
vertical force Fy are applied at each end of the microstruc-
ture, and a pair of moments M0 are antisymmetrically
located at the ends. Only half of the microstructure is ana-
lyzed due to the antisymmetricity, as shown in Figs. 2(b)
and 2(c). It should be noted that besides the local defor-
mation of the microstructure, it also undergoes rigid body
motions, which is taken into account in the theoretical
model of lattice structures in Sec. III.
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FIG. 1. Geometries of the lattice structures. Schematics of a
(a) rectangular, (b) triangular and their periodic units. Their
microstructures are constructed by the instant curvature R(α)
(c) and by the curve function (d), respectively. The geometrical
parameters for the microstructures are shown in (e),(f).

Figure 2(d) describes an infinitesimal curved segment of
the microstructure in the undeformed and deformed con-
figurations, represented in the X -Y and x-y coordinates,
respectively. In the undeformed configuration, the slope
angle α(0 ≤ α ≤ αend) is defined as the angle between
the centroid axis and horizontal line. In the deformed
configuration, α becomes θ(θ0 ≤ θ ≤ θend). Therefore, the
rotational angle ϕ resulting from the deformation is θ − α.
Under stretching, the length of the infinitesimal segment at
the centroid axis varies from dS to ds, and the engineer-
ing strain at the centroid axis is ε = (ds − dS)/dS, where
dS = R(α)dα and ds = r(θ)dθ . R(α) is the radius of the
arc in the microstructure at the undeformed configuration,
and r(θ) denotes the radius of the deformed arc.

The axial force N, the shear force Q, and the bending
moment M at any cross section [Fig. 2(e)] can satisfy the
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FIG. 2. Force analysis of a single microstructure. (a) Schemat-
ics of a microstructure under an axial force Fx, a shear force Fy ,
and a moment M0 at two ends. (b) Half of the microstructure
under Fx, Fy , and M0. (c) Schematics of the deformed shape of
half of the microstructure. (d) Deformation of a length element.
(e) Force and moment sign conventions.

following equilibrium equations [51]:

dN
ds

+ Q
r

= 0, −N
r

+ dQ
ds

= 0,
dM
ds

= Q, (1)

where N = EAε, M = EI(1 + ε)dϕ/ds = EI(dϕ/dS), E
is Young’s modulus, A = w × d the cross-section area of
the microstructure, and I (I = w3d/12) is the second area
moment. d represents the thickness in the Z direction,
and w represents the width of a microstructure. The axial
and shear forces can then be calculated using the loading
conditions as

N = Fx cos θ + Fy sin θ , Q = Fx sin θ − Fy cos θ . (2)

Substituting Eq. (2) into Eq. (1), d2ϕ/dS2 can be rewritten
as

d2ϕ

dS2 = f (θ), (3)

where f (θ) = (
EA + Fx cos θ + Fy sin θ

) × (Fx sin θ−
Fy cos θ

)
/(EI × EA).

In the undeformed arc, dS = R(α)dα. Equation (3) can
be written as

d2ϕ

dS2 = 1
R

(
d(R−1)

dα
dϕ
dα

+ R−1 d2ϕ

dα2

)
. (4)

By using Eqs. (3) and (4),

d2ϕ

dα2 = −R
d(R−1)

dα
dϕ
dα

+ R2f (θ). (5)

From θ = α + ϕ, we can get

dϕ
dα

= dθ
dα

− 1 and
d2ϕ

dα2 = d2θ

dα2 . (6)
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Thus, the governing equation, Eq. (5), can be written as a
differential equation of θ as

d2θ

dα2 = −R
d(R−1)

dα

(
dθ
dα

− 1
)

+ R2f (θ), (7)

with the following two boundary conditions:

(BC1)
dθ
dα
(α = α0) = 1, (8)

(BC2) ly =
∫

sin θds = 0. (9)

It should be noted that (BC1) implies null moment of the
central point, as only half of the microstructure is consid-
ered. Recalling that ds = (1 + ε)dS, dS = R(α)dα, (BC2)
can be written as

ly =
∫ αend

α0

(1 + ε)R(α) sin θdα = 0. (10)

Equations (7), (8), and (10) are second-order ordinary dif-
ferential equations with two boundary conditions, in which
(BC2) is an integral boundary condition. The ordinary dif-
ferential equation can be solved numerically. After the
relationship between θ and α is obtained, the deformed
shape can be constructed using the following integrations:

x =
∫ θ

θ0

r(θ) cos θdθ , (11)

y =
∫ θ

θ0

r(θ) sin θdθ , (12)

where θ0 ≤ θ ≤ θend.

B. Microstructures designed by parametric functions

We next extend the theory to microstructures con-
structed by parametric functions. For this type of
microstructure, the relationship between the instant cur-
vature and radius and the slope angle is not given explic-
itly. Instead, both of them are expressed as a function of
the parametrization parameter. A two-dimensional (2D)
curve in the undeformed state can be represented by the
following parametrization:

X = ψ(t), (13)

Y = ζ(t), (14)

where t (t0 ≤ t ≤ tend) is a parameter. The radius of the
curve can then be written as

R(t) = [ψ ′2(t)+ ζ ′2(t)]
3
2

[ψ ′(t)ζ ′′(t)− ψ ′′(t)ζ ′(t)]
, (15)

where the prime denotes the differentiation with respect to
t. The slope angle α(t) can be obtained by

tan[α(t)] = ζ ′(t)
ψ ′(t)

. (16)

Substituting Eqs. (15) and (16) into Eqs. (5) and (6), we
can obtain

d2ϕ

dα2 = R′

Rα′
dϕ
dα

+ R2f (θ), (17)

dϕ
dα

= dθ
dα

− 1 = θ ′

α′ − 1 and
d2ϕ

dα2 = d2θ

dα2 = θ ′′α′ − θ ′α′′

α′3 .

(18)

Thus, the governing equation, Eq. (17), can be written as

θ ′′ = (θ ′ − α′)
R′

R
+ R2α′2f (θ)+ θ ′α′′

α′ . (19)

The two boundary conditions Eqs. (8) and (10) become

(BC1) θ ′(t0) = α′(t0), (20)

(BC2) ly =
∫ tend

t0
(1 + ε)R sin θα′dt = 0. (21)

By substituting the expression of α in Eq. (16) into Eq.
(19), the second-order ordinary differential equation of θ
with respect to t can then be solved using MATLAB with the
above two BCs.

III. THEORETICAL MODEL FOR THE
HIERARCHICAL LATTICE STRUCTURES

In this section, the theoretical model for the lattice
structures built from the microstructures with varying cur-
vatures is presented. Three types of polygonal lattice struc-
tures are shown as examples: the rectangular lattice, the
triangular lattice (details given in Fig. S1 within the Sup-
plemental Material [52]), and the symmetric rectangular
lattice. The force analysis is shown in Fig. 3. The theo-
retical model of other polygonal lattices can be derived
similarly.

A. Rectangular lattice

We investigate the deformation of a rectangular hier-
archical lattice structure under uniaxial vertical stress σ .
Each representative unit cell consists of four microstruc-
tures, indexed from 1 to 4, as shown in Figs. 3(a) and
3(c). β1 and β2 characterize the rigid-body motion of each
microstructure. Due to the representative unit’s antisym-
metricity around its central point, the inner force, moment,
and deformation of microstructures 1 and 3 are the same,
and those of microstructures 2 and 4 are the same. The
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FIG. 3. Schematics of a (a) rectangular and (b) symmetric rect-
angular lattice under uniaxial vertical stress σ . The undeformed
and deformed shapes of a representative unit are shown. Inner
forces and moments for each microstructure in the representative
units are shown in (c),(d), respectively.

static equilibrium of the representative unit requires that
the inner force at the joint between microstructure 1 and 2
is zero in both X and Y directions, which yields

Fx1 cosβ2 − Fy1 sinβ2 + Fx2 cosβ1 + Fy2 sinβ1 = 0,
(22)

Fx2 sinβ1 − Fx1 sinβ2 − Fy1 cosβ2 − Fy2 cosβ1 = 0.
(23)

The external loading on the representative unit is σ . Thus
it can be obtained in the Y direction:

Fx1 sinβ2 + Fy1 cosβ2 + Fx2 sinβ1 − Fy2 cosβ1

= 4
√

2σRd, (24)

and in the X direction:

−Fx1 cosβ2 + Fy1 sinβ2 + Fx2 cosβ1 + Fy2 sinβ1 = 0.
(25)

The moment equilibrium of an arbitrary joint, which is
connected by four microstructures, and the antisymmetry

requires that

4∑

i=1

Mi = −
4∑

i=1

(FyiLi)/2 = 0. (26)

The angle between the tangent directions of two connected
microstructures remains unchanged during deformation.
Thus we have

β1 + β2 + θ1 − θ2 = π/2. (27)

For each microstructure 1 or 2, the relationship between its
deformation and the applied loadings are given in Eq. (7)
with two BCs Eqs. (8) and (10) or Eq. (19) with two BCs
Eqs. (20) and (21). The spanning length in the X direction
is given by

Li =
∫ αend

0
(1 + ε)R(α) cos θidα (28)

for microstructures constructed by R(α) or

Li =
∫ tend

t0
(1 + ε)R cos θiα

′dt (29)

for microstructure constructed by parametric functions,
where i = 1 or 2. By using Fx3 = Fx1, Fx4 = Fx2, Fy3 =
Fy1, and Fy4 = Fy2, and solving the above ten equations,
the ten unknowns Fx1, Fx2, Fy1, Fy2, θ1, θ2, L1, L2, β1, and
β2 can be solved.

B. Symmetric rectangular lattice

Symmetrical rectangular hierarchical lattice structure
under uniaxial vertical stress σ is studied. Each representa-
tive unit cell consists of four microstructures, indexed from
1 to 4, as shown in Figs. 3(b) and 3(d). Due to the rep-
resentative unit’s symmetry around its central point, the
inner force, moment, and deformation of microstructures
are the same or axisymmetric. For microstructures 1 and 2,
we have

Fx1 = Fx2, (30)

Fy1 = −Fy2, (31)

β1 = β2, (32)

L1 = L2, (33)

θ1 = θ2. (34)

The static equilibrium of the representative unit requires
that the inner force at the joint between microstructure 1
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and 2 is zero in both X and Y directions, which yields

Fx1 cosβ2 − Fy1 sinβ2 + Fx2 cosβ1 + Fy2 sinβ1 = 0,
(35)

Fx2 sinβ1 − Fx1 sinβ2 − Fy1 cosβ2 − Fy2 cosβ1 = 0.
(36)

The external loading on the representative unit is σ . Thus
it can be obtained in the Y direction:

Fx1 sinβ2 + Fy1 cosβ2 + Fx2 sinβ1 − Fy2 cosβ1

= 4
√

2σRd, (37)

and in the X direction:

−Fx1 cosβ2 + Fy1 sinβ2 + Fx2 cosβ1 + Fy2 sinβ1 = 0.
(38)

The moment equilibrium of an arbitrary joint, which is
connected by four microstructures, requires that

4∑

i=1

Mi = −
4∑

i=1

(FyiLi)/2 = 0. (39)

The angle between the tangent directions of two connected
microstructures remains unchanged during deformation.
Thus we have

θ2 − β1 = θ1 − β2 = θ0 − π/4, (40)

where θ0 can be obtained when symmetrical rectangular
hierarchical lattice structure under σ = 0. Following the
similar procedures, the ten unknowns Fx1, Fx2, Fy1, Fy2, θ1,
θ2, L1, L2, β1, and β2 can be solved.

IV. VALIDATION OF THE THEORETICAL
MODEL

In this section, the theoretical model is compared
with the FE simulations and experimental results (Videos
S1–S3 within the Supplemental Material [52]). Three
structures are designed: a rectangular lattice, a trian-
gular lattice, and a symmetric rectangular lattice. The
microstructure of the rectangular lattice is designed using
R(α), where R(α) = α3 + α2 + α − 1, 0 ≤ α ≤ 7.5. The
microstructure of the triangular lattice is designed using a
parametric function with X (t) = t2 cos(t), Y(t) = t2 sin(t),
where 0 ≤ t ≤ π . The symmetric lattice’s microstruc-
ture is designed by a parametric function Y(X ) =
X (X − 1)2, 0 ≤ X ≤ 1, as shown in Fig. 4(i).

The curved structures pose significant challenges for
manufacturing. High-resolution 3D printing is an appro-
priate way to fabricate the complex lattice. In this work,

we use a commercial Polyjet 3D printer (Stratasys, Con-
nex 500) with a resolution of around 100 μm. To ensure
the designed lattice can be fabricated, the width of the
microstructure w is set to be larger or equal to 0.2 mm, and
enough void (0.1 mm) between microstructures is kept to
avoid self-intersection during printing. However, the man-
ufacturing of microstructures with more complex and finer
structures is still hindered, which may be overcome by the
rapid development of additive manufacturing.

VeroWhite is chosen as the material with Young’s mod-
ulus E = 1.2 GPa. For simplicity, VeroWhite will be
referred to as Vero. All of the microstructures are scaled
to L = 5

√
2 mm. The width w = 0.2 mm and the thick-

ness d = 3 mm. Five periodic units in the horizontal and
eight units in the vertical direction are used in the rectan-
gular and symmetric rectangular lattice, respectively. Six
units and eight units are used for the triangular lattice in
the horizontal and vertical directions. The loading speed
of rectangular and symmetric lattice is 15 mm/min and the
loading speed of triangular lattice is 5 mm/min in exper-
iments. The FE details are given in Sec. S7 within the
Supplemental Material [52].

The experimental, theoretical, and FE simulated uniax-
ial tensile test results are shown in Fig. 4. It can be seen
that (1) all of the lattice structures exhibit a J-shaped ten-
sile curve, i.e., a low effective modulus at the “toe” region
and a large modulus at the “linear region”; (2) under the
same tensile stress, the rectangular lattice is easiest to
be stretched, while the triangular lattice is hardest to be
stretched. For example, when σ = 30 kPa, the axial strains
of the rectangular, triangular, and symmetric lattices are
around 125%, 25%, and 30%, respectively; (3) an obvious
transition point can be observed. The deformed theoretical
(black dashed), experimental (blue solid) and FE simu-
lated (red dashed) shapes of the rectangular, triangular, and
symmetric lattices with various strains are presented.

All theoretical, experimental, and FE deformed shapes
agree well when the strain is less than 125% for rectangular
lattice, 30% for triangular lattice, and 25% for symmet-
ric lattice. There are some discrepancies when the strain is
large. The experimental curves are lower than theoretical
results in Fig. 4(e), which is mainly due to the plastic defor-
mation. The uniaxial tensile stress-strain curve of Vero is
shown in Fig. S6 within the Supplemental Material [52].
It shows a plastic behavior when the strain is larger than
5%. The boundary effect is relatively less as Poisson’s ratio
of the lattice is nearly zero. From Figs. 4(g) and 4(h), we
can observe that the vertical microstructures of the trian-
gular lattice are almost pulled straight. Additional plastic
deformation exists, which leads to a larger displacement
compared to the theoretical results, when the same stress is
applied.

The experimental curves are higher than theoretical
results in Fig. 4(i). For the symmetric lattice [Figs.
4(k) and 4(l)], the discrepancy results mainly from the
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FIG. 4. Comparison of
the experimental, theo-
retical, and FE simulated
results. (a) shows the
experimental, theoretical,
and FE simulated uni-
axial tensile curves of a
rectangular lattice. The
theoretically predicted,
experimental, and FE
simulated deformed shapes
of a representative unit are
shown in (b). (c),(d) show
the experimental and FE
simulated deformed shapes
at various strains. The
experimental, theoretical,
and FE simulated uniaxial
tensile curves of a trian-
gular lattice are shown in
(e). The deformed shapes
of a representative unit are
shown in (f). The experi-
mental and FE simulated
snapshots are shown in
(g),(h). The comparisons
between the theoretical,
experimental, and FE
simulated tensile curves of
a symmetric rectangular
lattice are shown in (i). The
deformed representative
units of the symmetric
rectangular lattice are
shown in (j). (k),(l) show
the experimental and FE
simulated snapshots.

boundary effect. The boundary effect dominates due to the
large Poisson’s ratio. The lattice at the boundaries is almost
straight, which contributes significantly larger stress. Thus
the experimental curves are above the theoretical results.

To decrease the discrepancies, we need to reduce the
boundary effects and plastic deformation. To decrease plas-
tic deformation, excess stretch needs to be avoided. For
a lattice with a large magnitude of Poisson’s ratios, the
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boundary effect is generally large. Therefore, we can use
the lattice with loose boundary constraints or with nearly
zero Poisson’s ratio to replace the boundary part to mit-
igate the boundary effects. The discrepancy between the
FE simulations and the experimental results may be due
to the use of the wire element in the FE simulations. We
show in Fig. S7 within the Supplemental Material that
the discrepancy between the FE and experimental results
decreases by using the shell element. It should also be
mentioned that replacing the point corners with rounded
corners reduces stress concentration, and the structures
become more reliable.

Self-contact may also be one factor of the discrep-
ancy. To avoid self-contact, we give enough space between
microstructures during the initial design, as shown in
Fig. S2 within the Supplemental Material [52]. However,
self-contact is inevitable for lattices with large positive
Poisson’s ratios, especially when the axial strain is large
and the microstructure is super-curled, as shown by exam-
ples in Fig. 4(k). As the self-contact generally happens
at very large strains before failure, it does not violate the
applicability of the theoretical model.

There are currently no standard tensile testing struc-
tures for lattices. Therefore, we still use the regular lattice
structures in the experiments, following previous works
[46,49]. To reduce the boundary effect in the experiments,
we fabricate lattices with relatively large aspect ratios
(length and width) and choose the central periodic unit
with the lowest boundary effect in comparison with the-
oretical models. However, the boundary effect cannot be
eliminated and causes discrepancies. Designing standard
tensile test structures for lattices is an interesting topic.
Future work can be done in this area to reduce the boundary
effects in experimental tests.

V. DESIGN OF HIERARCHICAL LATTICES

In this section, the validated model is used to design
the microstructure and the corresponding hierarchical lat-
tice structures. Their stress-strain and Poisson’s ratio-strain
curves are particularly investigated. Besides the lattice
designed by curvature and parametric functions, lattices
constructed by bioinspired microstructures are also stud-
ied. The applications of lattices as hydrogel reinforcement
and biomimetic soft lattice sensor are demonstrated. All
of the microstructures are scaled to L = 5

√
2 mm. The

width w = 0.133 mm and the thickness d = 1 mm, unless
otherwise specified. Young’s modulus of the material is set
as E = 1.2 GPa.

A. Design by varying the range of α

Three different microstructures are designed using
the same function R(α) = α3 + α2 + α − 1, 0 ≤ α ≤ αend,
but with varying αend = α1(3.9), α2(7.5), and α3(10.7). The
microstructures’ initial shapes are shown in Fig. 5(a), while

the undeformed constructed rectangular lattices are shown
in Fig. 5(b). The structure with larger αend shows a larger
density.

The theoretical predicted stress-strain and Poisson’s
ratio-strain curves of the three designed lattices under uni-
axial tensile loading are shown in Figs. 5(d) and 5(e),
respectively. FE simulated results are shown by the mark-
ers. The undeformed and deformed shapes of a representa-
tive unit of the three lattices under σ = 10 kPa are shown
in Fig. 5(c). It can be seen that the structures with larger
α are easier to stretch, even though they exhibit the largest
density. For example, at σ = 10 kPa, the lattice with αend
= 3.9 shows only a strain less than 40% [Fig. 5(c)-I], while
the axial strain of the lattice with αend = 10.7 [Fig. 5(c)-III]
is larger than 175%. By increasing αend from 3.9 to 10.7,
the stretchability increases by more than 4 times when the
same stress is applied. Poisson’s ratios are all positive and
gradually decrease with αend. Poisson’s ratio of the lattice
with αend = a1(3.9), exceeds the upper limit 0.5 of tradi-
tional material [53], which is one advantage of the lattice
structures.

The value of αend controls the curling degree of the
microstructure. By increasing αend, the curling area of
the microstructure increases, which shows a higher den-
sity. When the lattice is subjected to an axial loading,
the curling microstructure will be pulled straight. Thus,
lattice designed with a larger αend will lead to a larger
stretchability. Another two examples of design by the cur-
vature functions are shown in Figs. S3 and S4 within the
Supplemental Material [52].

B. Design by parametric curves

The microstructures are designed by directly using
parametric function Y(X ) = CnX (X − n), with n =
0.5, 1, 1.5, 2, 2.5, and 3 in Fig. 6. The corresponding
microstructures are shown in Fig. 6(a). The span length of
the microstructure is scaled to L = 5

√
2 mm, by using the

coefficient Cn. Both rectangular and triangular lattices are
designed, as shown in Figs. 6(b) and 6(c).

The stress-strain and Poisson’s ratio-strain curves of the
rectangular lattice under uniaxial loading are shown in
Figs. 6(d) and 6(e), respectively. It can be seen that the
strain of the lattice increases with n, as the microstruc-
ture becomes easier to stretch due to the increase of the
curve amplitude. Poisson’s ratios of the rectangular lattices
are positive and decrease with n. The triangular lattice’s
mechanical behaviors are shown in Figs. 6(h) and 6(i).
Similar to the rectangular lattice, the stretchability of the
triangular lattice increases with n. The transverse strain of
the designed triangular lattices are always positive, indi-
cating a negative Poisson’s ratio. For lattice with n ≥ 1.5,
it can be observed that the magnitude of Poisson’s ratio
decreases with the strain until it reaches a minimum. As the
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α1 = 3.9 α2 = 7.5 α3 = 10.7(a)

(b)

(c)

(e)(d)

α3

α3

α2

α2

α1

α1

FIG. 5. Design of lattice by varying α in R(α). (a) Three microstructures are designed with R(α) = α3 + α2 + α − 1, 0 ≤ α ≤ αend.
αend = α1(3.9), α2(7.5), and α3(10.7) in the three structures, respectively. The designed rectangular lattices with 4 × 5 units are shown
in (b). (c) shows the undeformed and deformed shapes of a representative unit of the rectangular lattice under σ = 10 kPa. (d),(e) show
the variations of the stresses and Poisson’s ratios on the strain for the three rectangular lattices, respectively. Theoretical and FE results
are shown by the solid curves and markers, respectively.

strain further increases, the magnitude of Poisson’s ratio
increases a bit.

By varying n, the mechanical behavior of the lattices can
be designed. For example, the object is to design a lattice
with an axial strain of 60% when subjected to a uniax-
ial loading of 20 kPa. First, we can obtain the strain of
the rectangular lattice under 20 kPa for n = 0.5 to 3, as
shown in Fig. 6(d). The obtained strains are then plotted as
a function of n in Fig. 6(f) and fitted using a second-order
polynomial function. By setting the strain as 60% in the fit-
ted model, the critical n is solved as n = 1.78, as shown by
marker I. The corresponding initial and deformed shapes
of the designed rectangular lattice under 20kPa are shown
in Fig. 6(g). The measured strain is precisely 60%. Other
designs by the parametric functions are shown in Figs. S5
and S8 within the Supplemental Material [52].

C. Design of bioinspired lattices

Nature provides various inspirations for structural
design. One typical example is the curved structure, such
as the plant tendrils [54] and wavy collagen fibers [55],
which simultaneously possess low elastic moduli, large
stretchability, and relatively high tensile strength. This type
of structure has promoted the development of stretchable
electronics by overcoming the limitations imposed by the
natural rigidity and brittle properties of inorganic materi-
als. Currently, it lacks a method to predict the mechanical
behaviors of the lattice constructed by these bioinspired
microstructures. Their mechanical behaviors can be pre-
dicted by a fitting method, which is a combination of curve
fitting and the curvature and parametric functions. First, the
nature-inspired structures are fitted to obtain the curvature
or parametric functions. Next, the mechanical behaviors
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FIG. 6. Design of the lattices using
different parametric functions. (a) Five
curve functions, Y(X ) = cnX (X − n),
with n = 0.5, 1, 1.5, 2, 2.5, and 3, are
used to construct the microstructures.
The designed rectangular and triangu-
lar lattices are shown in (b),(c). (d) and
(e) show the stress-strain and Poisson’s
ratio-strain curves of the rectangular lat-
tices. Solid curves represent theoreti-
cal predictions and dotted curves are
FE results. (f) shows the fitted axial
strain versus n under σ = 20 kPa. For
a desired axial strain 60%, the corre-
sponding n is determined as 1.78 by the
fitted curves. (g) shows the undeformed
and deformed shapes of a representa-
tive unit with n = 1.78. (h),(i) show the
stress-strain and transverse-longitudinal
strain curves of the triangular lattices.
Theoretical and FE results are shown
by the solid curves and markers, respec-
tively.

of the microstructure and lattice are investigated using the
theoretical framework.

A bioinspired lattice is shown below as an example.
Plant tendrils are ubiquitous and used by climbing plants
for support and attachment due to their high stretchability
[Fig. 7(a)]. Here we design a periodic rectangular lattice
utilizing the structure of the plant tendrils. First, the curva-
ture function of the plant tendril is obtained by fitting the
curve as R(a) = a4 + 0.5a3 + 2.4a2 + 452.6a + 24.5 [Fig.
7(a)]. The constructed microstructure and lattice are shown

in Figs. 7(b) and 7(c). The theoretical stress-strain curves
of the lattices are obtained and compared with the FE
results of the same lattice and the rectangular lattice with
straight beams. We can observe that using the plant tendril
improves the stretchability by more than 10 times com-
pared to the lattice constructed by straight beams under
stress=32 kPa.

Both the parametric and the curvature functions are
direct ways to construct microstructures, while the fitting
method is inverse. If the trajectory of a curve is known
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FIG. 7. Design of bioinspired lattices. (a) The plant tendrils with spiral shapes are used by climbing plants for support and attachment
due to their high stretchability. The curve of the plant tendril is fitted using a polynomial curvature function. (b),(c) show the constructed
microstructures and lattice. (d) The theoretical and FE simulated stress-strain curves of the lattice are compared with the FE simulated
stress-strain curve of a rectangular lattice with straight beams.

but its particular function is unknown, the fitting function
method offers a way to predict the mechanical behaviors
of the constructed lattices. The curves are fitted using
the curvature or parametric function first, and then the
corresponding method is used to predict the mechanical
behaviors of the constructed lattices. This method provides
a more diverse design. However, it needs to overcome the
challenges posed by the accuracy and complexity of fitting
functions during inverse design.

D. Hydrogel reinforcement

The abilities of the designed lattices are explored to
reinforce hydrogel, as shown in Fig. 8. The printed lat-
tice structures are placed on a Teflon substrate and con-
strained by acrylic frames. Pregel solution is infused into
the frames and then cured under UV light. The hydro-
gel is based on acrylamide (AAM)-PEGDA and can be
stretched by more than 1000%. Detailed procedures are

shown below. A hydrogel precursor is prepared by mixing
AAM as monomer, PEGDA as the crosslinker, a water-
soluble lithium phenyl-2,4,6-trimethylbenzoylphosphinate
(Li-TPO) as the photoinitiator in water. The solution con-
sists of 80% water, 20% AAM-PEGDA mixture with the
PEGDA (700)/AAM mixing ratio of 0.625 wt%, and 0.5
wt% Li-TPO. Li-TPO is first added into deionized water,
and the mixture is stirred by a magnetic stirrer for 10 min.
AAM is then added into the mixture and it is stirred for
5 min until it has completely dissolved. PEGDA is added
next.

Three rectangular lattices are designed, as shown by
the insets in Fig. 8. The microstructures are constructed
from the fitting curves 2, 3, and 4 in Fig. 8. (The detailed
parametric functions and the mechanical behaviors of the
constructed lattices are shown in Fig. S5 within the Sup-
plemental Material [52].) The geometric parameters used
are as follows: w = 0.2 mm and d = 3 mm.The experi-
mental, theoretical, and FE stress-strain curves of the three
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FIG. 8. Lattices as reinforcements for the hydrogel. Experimental, theoretical, and FE stress-strain curves for three rectangular lattice
structures. The three microstructures are constructed from (a) curve 2, (c) curve 3, and (e) curve 4 in Fig. S5 within the Supplemental
Material [52]. The experimental stress-strain curves of the rectangular lattice-hydrogel composite are also shown. The insets show
the periodic units of the lattices. The snapshots of the lattice-hydrogel composite at different strains are shown in (b),(d), and (f).
Distributions of the maximum principal stress (σmax) are shown.
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(a) (b)

(c)

Strain = 0% 20% 40% 60%

Curve3
Curve3

FIG. 9. Demonstration of the biomimetic soft lattice sensor for stretchable electronics. (a) The soft lattice is designed to match the
stress-strain curves of the pig belly skin. The lattice structure is shown in the inset. (b) The dependence of the electrical resistance on
the axial strain of the biomimetic lattice coated with a thin layer of silver. (c) Optical images of conductive biomimetic lattice and
FEM results at different applied strains.

rectangular lattices are shown in Figs. 8(a), 8(c), and 8(e).
The experimental stress-strain curves of pure hydrogel and
the lattice-hydrogel composites are also shown.

The hydrogel is significantly reinforced by the lattice
structure. Young’s moduli of the lattice-hydrogel compos-
ites are in the orders of 100 kPa, while that of the hydrogel
is a few kPa. By using different lattice structures, the fail-
ure strain of the lattice-hydrogel composite also varies. The
snapshots of the lattice-hydrogel composites at different
strains are shown in Figs. 8(b), 8(d), and 8(f). It can be
seen that the interfacial bonding between the hydrogel and
the lattice are strong enough.

FE simulations are conducted for the lattice-hydrogel
composite (Video S4 within the Supplemental Material
[52]). The deformed shapes and strain contours at strains
= 25% for lattices 2 and 3, and strain = 15% for lat-
tice 4 are shown in Fig. 8. It can be seen that different
embedded lattices can cause various strain distributions.
For example, the strain distribution is asymmetric for lat-
tice 2, while the strain distributions are almost symmetric
for lattices 3 and 4. The common point is that the largest
strain always appears at the corner or the center of the
lattice-hydrogel composites. This phenomenon agrees with
the experiments, in which the composites fail at the corner
or the center.

E. Biomimetic soft lattice sensor

To show the potential application of the proposed theo-
retical method, a biomimetic soft sensor with large stretch-
ability, bionic stress-strain matching, and programmable
deformed shapes is designed. Rational biomimetic designs
of periodic lattices can match the nonlinear J-shaped
stress-strain curves of various soft biological tissues and
thus enable natural, comfortable integration of stretch-
able electronics with biological tissues. A lattice sensor
is designed that can reproduce the nonlinear mechanical
responses of the pig belly skin, as shown in Fig. 9. The
rectangular lattice is constructed from curve 3. By choos-
ing the wavy microstructure, large stretchability is ensured.
To match the stress-strain curves of the pig belly skin
[56], the theoretical framework is used and the geometric
parameters are calculated as w = 0.16 mm and d = 2 mm.
The theoretical and FE stress-strain curves are compared
with the experimental stress-strain curves of the pig belly
skin in Fig. 9(a). We can observe that the stress-strain
curves of the lattice agree well with the pig belly skin.
Therefore, it ensures comfortable interactions.

The conductive lattice is fabricated by coating with
a thin layer of silver. Its resistance is measured under
different tensile strains. One end of the lattice is fixed dur-
ing the measurement, and the other end is clamped on a
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FIG. 10. The curvature and parametric functions for spiral and wavy curves. The curvature functions are commonly used to construct
spiral curves with one-to-one mapping from the α to R [(a) and (b)]. The parametric functions are used to generate wavy curves with
one-to-one mapping from X to Y (c),(d). The parametric and curvature functions can be converted to each other using coordinate
transformations.

stepper motor (ST42H4809, Sutai) to generate linear dis-
placement. The resistance of the conductive biomimetic
lattice is measured by a precision LCR meter (Keysight
E4980AAL) with a frequency of 1kHz. It shows the resis-
tance of the conductive biomimetic lattices exhibits a
twofold increase under strain = 60% due to the elongation
and thinning of the silver coating. The optical images of
conductive biomimetic lattice and FEM results are shown
in Fig. 9(c) to illustrate the predictable deformed shapes
visually. The developed lattice sensor, with large stretch-
ability, bionic stress-strain matching, and programmable
deformed shapes, holds promise for biointegrated devices
and health monitoring applications (Fig. S9 within the
Supplemental Material [52]).

VI. CONCLUSIONS

The curvature function is commonly used to construct
spiral functions with one-to-one mapping from the slope
angle α to the instant radius R, while the parametric
function is suitable to generate wavy curves with one-to-
one mapping from X to Y. The curvature function R(a)
describes the relationship between the instant radius R and

the slope angle α. Many curves, such as spiral and loga-
rithmic spiral, can be characterized by a relatively simple
curvature function, whereas their parametric function is
much more intricate [Figs. 10(a) and 10(b)]. In contrast,
the curvature function is inefficient for the wavy curves
as the relationship between R and α is complex, while
the parametric functions are suitable due to the one-to-one
mapping from X to Y [Figs. 10(c) and 10(d)]. It should
be noted that parametric and curvature functions can be
converted using coordinate transformations.

This study presents a universal model for lattices con-
structed by various microstructures. It investigates the
mechanical behaviors of the rectangular, triangular, and
symmetric rectangular lattices constructed by microstruc-
tures with varying curvatures using a combination of
theoretical, experimental, and FE methods. Unlike previ-
ous studies where the microstructures are mainly simple
geometries such as straight, horseshoe, or serpentine struc-
tures with constant curvatures, microstructures with vary-
ing curvatures are used in this work. Two methods are
demonstrated to construct the microstructures: (1) using
the relation of the instant radius with the slope angle
and (2) using the parametric function. The mechanical
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behavior of the lattice can be predicted once the curve
function of the microstructure is determined. Results show
that the elastic moduli, stretchabilities, and Poisson’s ratios
can be tailored by the rational design of the lattice struc-
tures. Lattices with dramatically increased stretchability
can be designed by using densely curled microstructures.
By combining curve fitting and curvature and paramet-
ric functions, the mechanical behaviors of lattices con-
structed by bioinspired microstructures can be predicted.
Demonstrations of the designed lattice as a hydrogel rein-
forcement and biomimetic soft strain sensor are shown.
The proposed method overcomes the limitation that the
microstructures have to follow a particular pattern and can
be extended to study lattices constructed by microstruc-
tures with not only varying shapes but also varying cross
sections and varying Young’s moduli. Lattice constructed
by a combination of different microstructures can also be
studied using the proposed method as future work. This
work could aid the design of hierarchical lattice and have
potential applications in tissue engineering, stretchable
electronics, and soft robotics.
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