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Abstract—Parallel robots with rigid transmission mechanisms
have been widely developed to improve the speed, precision, and
load capability. However, it is still challenging in promoting soft
parallel robots due to the difficulty in accurate kinematic mod-
eling of soft continuum links. In this article, we present a gen-
eral framework on the design, kinematic modeling, model-based
characterization, and control for a class of soft parallel robots.
The designed soft parallel robot consists of three fiber-reinforced
soft pneumatic actuators, a base stage, and an output stage. With
the introduction of the mathematical toolkit of the absolute nodal
coordinate formulation, we develop a continuum-based model to
describe and parameterize both the global complex configuration
and the local large deformation of the soft parallel robot. In this
sense, the mappings among the defined kinematic spaces of the
robot can be characterized through force analysis. Based on the de-
veloped model, we next analyze the robot’s workspace and stiffness
with different design parameters, which are also verified by a set of
experiments. Finally, we establish a model-based trajectory track-
ing controller for the soft parallel robot. The experimental results
demonstrate that with the feedforward controller, the end effector
of the soft parallel robot can well follow the desired trajectories
under different output velocities, where the average positioning
error is about 2.6–3.9% of the maximum length of the workspace.

Index Terms—Absolute nodal coordinate formulation,
kinematic modeling, parallel mechanisms, soft robots.

I. INTRODUCTION

SOFT robots are usually made from compliant materials
with various actuation technology, such as compressed

fluids [1], [2], cables [3], [4], shape memory alloys [5], [6],
and electric fields [7], [8]. The features of manipulation safety,
design diversity, and motion dexterity make soft robots promis-
ing in the applications of environment exploration, health-care,
and human–robot interaction [9]–[11]. However, the benefits of
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compliance usually come with the reduction of load capability
and stability of soft robots.

To achieve dexterous manipulations in planar or spatial
spaces, soft manipulators are usually designed by cascading
multiple robotic sections [12]–[14]. However, the slender serial
soft mechanisms usually further reduce the robot’s stiffness and
output forces. In order to maintain the natural compliance of
materials, and meanwhile, obtain acceptable stiffness in appli-
cations, some variable stiffness structures and mechanisms have
been recently reported, such as by applying shape memory al-
loy [6] and particle jamming [15]. Unfortunately, these methods
generally make the hardware of soft robotic systems complex
and increase the difficulty and cost in fabrication.

In the field of rigid robots, parallel mechanisms are usually
utilized to achieve the high stiffness, output force, speed, and
precision [16], [17]. Inspired by these achievements, similar
design methods have also been spread into the field of soft
robotics. To the best of our knowledge, the term of soft parallel
robot is first introduced in 2009 [18] as the parallel robots
with links made from cables or tendons. Recently, various other
designs of soft parallel robots have been reported by applying
soft links [19], [20], soft joints [21], [22], and both soft links
and joints [23], [24]. Due to their compliance in material and
acceptable stiffness in parallel designs, soft parallel robots show
the promise applications of human–robot interaction, such as
extracorporeal ultrasound [25] and rehabilitation [26]. However,
when coupled with soft kinematic chains, the robots theoreti-
cally have infinite degrees of freedom, which makes the kine-
matic modeling challenging, especially at the large deformation
conditions.

To address this challenge, many kinematic models have been
reported for soft robots, which can be roughly divided into two
categories, i.e., robot-independent models and robot-dependent
models. Robot-independent models mainly focus on the repre-
sentation of robotic motions purely in geometry without consid-
ering the used materials and actuation. The adopted techniques
in these models usually include piecewise constant curvature
approaches [12], [27], mode shape function approaches [28],
[29], Euler spiral approaches [30], and Pythagorean hodograph
curve approaches [31] to approximate the shape of the robot
backbones. For serial multisectional soft robots, each section of
which can be actuated and controlled separately, these models
are convenient to be applied for the kinematics description and
feedback control tasks. However, for soft robots with more
complex designs, such as soft parallel robots, the deformations
of each part of soft kinematic chains are coupled by the elasticity
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and constraint forces. Such coupling principle directly depends
on the robot structure and properties of materials, moreover, the
motions of individual robot component cannot be analyzed and
controlled separately. On the other hand, the robot-dependent
models can handle this issue. Among them, continuous Cosserat
models [32]–[35] and continuous Euler–Bernoulli beam mod-
els [36], [37] are representative examples in the infinite state
space, which can exactly describe the continuous deformation
by partial differential equations. For the convenience of numeric
implementation, some simplified approaches through finite state
variables have also been developed, such as discretizing the
continuous Cosserat models with geometrical approximation
processes [38]–[40], or modeling the soft robot into lumped
systems [41], [42]. These simplified models are mainly utilized
for the forward simulation of the slender serial multisectional
soft robots, but the model-based continuum shape control and
the fast configuration prediction of soft robots with more general
designs are still difficult.

Except for all the aforementioned models, absolute nodal
coordinate formulation (ANCF) is a discrete modeling approach,
which can describe the complex shapes of the deformed bodies
with the use of the position and position gradients as coordi-
nates [43]–[46]. Due to its accuracy of 3-D deformation descrip-
tions and computational efficiency in handling external forces, it
is usually used to parameterize various continuum models (such
as flexible beams or plates [43]). The achievement of ANCF
in the dynamic analysis of rubber-like structures [47] further
demonstrates its potential in the modeling of soft robots. In our
previous work, we have used the ANCF for kinematic modeling
of planar soft robots for both fast motion simulation and feedfor-
ward control with external forces [48]. It should be noted that,
in this reported model, the complete description of deformation
for the 3-D structure is not considered. In this article, we aim to
utilize the spatial position gradients to extend this approach for a
general kinematics modeling framework of 3-D soft deformable
mechanisms, and apply it for the simulation, characterization,
and control of soft parallel robots. To this end, we first design
a soft parallel robot composed of three soft fiber-reinforced
pneumatic actuators, a base stage, and an output stage. Then,
the kinematic mappings between the actuation space (input
pressures) and robot configuration are established based on
ANCF, which can be simultaneously applied for motion simula-
tion, inverse-kinematic analysis, and control. Using our model,
the robot workspace and displacements with external payloads
are analyzed, which is well verified by experimental results.
Finally, the feedforward trajectory tracking control tests are
performed to demonstrate the effectiveness of the model-based
controllers.

The main contributions of this work can be summarized as
follows.

1) We propose a new kinematics modeling framework for
the 3-D soft deformable mechanisms based on ANCF.
The developed model considers the elasticity, geometrical
constraints, and external forces. It can simultaneously pre-
dict the robot’s motion and be used for inverse-kinematic
calculation.

2) We apply the developed model for the workspace and
stiffness characterization of the soft parallel robots with
different design parameters, and a model-based feedfor-
ward controller is established for trajectory tracking tasks.
Both experimental and simulation results are presented for
the verification.

The reminder of this article is organized as follows. In Sec-
tion II, the design and fabrication of a kind of soft parallel robot
is presented. Section III discusses the kinematic modeling of
the soft parallel robot based on ANCF. Section IV discusses
the workspace and stiffness analysis, as well as the feedforward
control based on the developed model. Section V concludes this
article.

II. DESIGN AND FABRICATION

In this section, the design and fabrication of the soft parallel
robot is introduced. As shown in Fig. 1(a), the robot uses three
soft fiber-reinforced actuators to connect the base stage and the
output stage. Each actuator is made of silicone rubber with a
chamber. The fiber wound around the chamber is used to prevent
the expansion of the actuator’s cross section [49]. Each actuator
is initially straight, and bends after assembling into the robot
because of the constraint forces. With the elongation of actuators
by the inflation of chambers, the robot can achieve various spatial
motions [as shown in Fig. 1(b)].

Fig. 2 shows the following fabrication processes of the actu-
ator:

1) fabricating a silicone rubber (ELASTOSIL M4601) tube
by molding;

2) arranging the fiber around the tube;
3) fixing the fiber reinforcement by a layer of silicone rubber

with another step of molding;
4) sealing the actuator with two end plates, one of which

reserves an airport.
The total length of one actuator is 175 mm, the outer diameter

is 18 mm, and the diameter of the chamber is 12 mm.
After fabrication, the two ends of each actuator are directly

fixed on the base stage and the output stage. In addition, the
distance D between each two actuators on the base stage is
adjustable. In this work, we use a dimensionless parameter
φ = D/Lf to characterize the design (as illustrated in Fig. 3),
whereLf is a constant (153 mm) representing the flexible length
of the soft actuator. Without losing generality, we set φ as 1 in
the following sections, except for that in Section IV-E, where
the influence of this parameter on the robot’s performance is
analyzed.

III. KINEMATIC MODELING

In this section, a kinematic model of the soft parallel robot
is developed for the motion simulation and inverse kinematic
calculation tasks. To this end, the robot motion and deformation
are first described and parameterized. Then, the effects of the
actuation force, elasticity, and external forces are analyzed.
Finally, the kinematic mappings between input pressures and
the robot configuration are derived.
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Fig. 1. Soft parallel robot. (a) The designed robot consists of three fiber-reinforced soft actuators, a base stage, and an output stage. (b) Pictures of the robot
achieving different motions within its workspace.

Fig. 2. Fabrication of the soft actuator. (a) Rubber tube is fabricated by molding. (b) Fiber is wound uniformly around the tube. (c) Second molding step is taken
to encapsulate the actuator with a layer of silicone rubber and anchor all the fiber. (d) Actuator is sealed by two end plates, one of which reserves a port for the
flow of air.

Fig. 3. Schematic illustration of the soft parallel robots with different values
of the parameter φ.

A. Description of the Actuator Deformation

Soft actuators are usually designed to achieve certain de-
sired motion mode. Typically, by arranging fiber angles, the
soft fiber-reinforced actuators can generate various modes of
motions, such as elongation, bending, or torsion [50], [51].
These motion modes are determined by the actuator’s design
without considering the external factors, which are called as
inherent motion modes. In our design, as shown in Fig. 4, the
inherent motion mode of the actuator behaves as elongation.
After being assembled into the soft parallel robot, additional

passive deformation will yield on the actuators due to the size
difference between the base stage and the output stage. The
passive deformation depends on the geometrical constraints
(such as the design parameter φ), which can be used to adjust the
robot performance (including the stiffness and the workspace).
However, existing works about the modeling and analysis of
soft actuators mainly focus on the inherent motion modes,
and rare works investigate the bending or torsion behavior for
an elongating actuator. In the following development, we will
propose a new modeling approach for the soft parallel robot
by taking both the inherent motions and the passive ones into
consideration.

B. Parameterization of the Motion and Deformation

In order to establish the kinematics of the soft parallel robot,
both the global configuration and local deformation of the robot
should be firsty parameterized. To handle this issue in an efficient
way, we use the position and the position gradient of ANCF [43]–
[45].

For the use of ANCF, we discretize each soft actuator into
several elements along its axial centerline. As shown in Fig. 5,
for each element, a local spatial coordinate system (O − XYZ)
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Fig. 4. Schematic illustration of the actuator’s deformation in the free state and the assembled state.

Fig. 5. Schematic illustration of the defined local coordinate system and global
coordinate system for configuration parameterization.

is established, where X ∈ [0, Le] is the coordinate along the
actuator’s axis, and Y and Z are two coordinates perpendicular
to X . The vector X ∈ R3 defined in this coordinate system can
be used to represent an arbitrary point in the element. Then,
the motion of the element can be completely described by a
vector-valued function r(X) ∈ R3 defined in the global coor-
dinate system (o− xyz). In order to express r(X) conveniently,
the position and position gradients of the element’s nodes should
be determined. For the ith node (i = 1, 2) of an element, the
absolute coordinates can be defined as

qi ∈ R12 =
[
ri

T riX
T riY

T riZ
T
]T

(1)

where ri is the nodal position vector, and ril = ∂r/∂l (l =
X,Y, Z) is the position gradient vector defined at the node. Then,
the absolute nodal coordinates of the element can be expressed
as

qe ∈ R24 =
[
q1

T q2
T
]T

. (2)

Then, according to the polynomial interpolation method orig-
inally proposed by Shabana, et al. in [45], we can assume the

displacement field r(X) as following polynomials

r (X) =

⎡
⎢⎢⎢⎢⎢⎢⎣

a1 + a2X + a3X
2 + a4X

3 + a5Y +
a6Z + a7XY + a8XZ

b1 + b2X + b3X
2 + b4X

3 + b5Y+
b6Z + b7XY + b8XZ

c1 + c2X + c3X
2 + c4X

3 + c5Y+
c6Z + c7XY + c8XZ

⎤
⎥⎥⎥⎥⎥⎥⎦

(3)

whereai, bi, and ci are polynomial coefficients. By our definition
of ri and ril, the expression of r(X) in (3) should satisfy the
following conditions.

r |X=X1 = r1, r |X=X2 = r2
∂r
∂X |X=X1 = r1X , ∂r

∂X |X=X2 = r2X
∂r
∂Y |X=X1 = r1Y ,

∂r
∂Y |X=X2 = r2Y

∂r
∂Z |X=X1 = r1Z ,

∂r
∂Z |X=X2 = r2Z

(4)

where X1 = [0 0 0 ]T and X2 = [Le 0 0 ]T are the local coor-
dinates of the two nodes of an element. Substituting (3) into (4),
the polynomial coefficients ai, bi, and ci can be solved with the
given values of ri and ril. Then, the expression of r(X) can be
expressed as

r (X) =

(
1− 3X2

Le
2 +

2X3

Le
3

)
r1 +

(
X − 2X2

Le
+

2X3

Le
2

)
r1X

+

(
Y − XY

Le

)
r1Y +

(
Z−XZ

Le

)
r1Z+

(
3X2

Le
2 −

2X3

Le
3

)
r2

+

(
−X2

Le
+

X3

Le
2

)
r2X +

XY

Le
r2Y +

XZ

Le
r2Z . (5)

Combined with (1) and (2), (5) can be rewritten in the form as

r (X) = S (X)qe (6)

where S(X) is a 3× 24 matrix defined in (7), denoting I as a
third-order identity matrix.

S (X) = [s1Is2I. . .s8I]

s1 = 1− 3X2

Le
2 +

2X3

Le
3 , s2 = X − 2X2

Le
+

2X3

Le
2

s3 = Y − XY

Le
, s4 = Z − XZ

Le

s5 =
3X2

Le
2 −

2X3

Le
3 , s6 = −X2

Le
+

X3

Le
2
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s7 =
XY

Le
, s8 =

XZ

Le
. (7)

Equation (6) represents the position of arbitrary points within
the element after displacement, which can also be used to derive
the expression of local deformation. Differentiating (6) with
respect to the local spatial coordinates, the 3× 3 deformation
gradient matrix can be expressed as

J (X) =
[

∂r
∂X

∂r
∂Y

∂r
∂Z

]
. (8)

Remark: The accuracy of the representation for the displace-
ment field in (6) generally depends on the node density. In
addition, another solution to improve the accuracy for ANCF
is to add the high-order derivative of the position to the absolute
nodal coordinates, as described in [47].

Based on (8), the strain distribution on the element can be
expressed as (taking the form of Green strain tensor [52])

εG (X) =
1

2

(
JT (X)J (X)− I

)
. (9)

Hence both the global configuration and the local deformation
of the soft actuators can be completely described by the absolute
coordinates of all the predefined nodes. Without losing general-
ity, such parameterization can also be applied for the description
of rotation. With the expression of the deformation gradient
in (8), right polar decomposition can be applied to obtain the
rotation matrix R(X) [52], i.e.,

J (X) = R (X) ·U (X) (10)

where U(X) is called the right stretch matrix. Typically, if the
shearing and deformation of the cross section are neglected,
U(X) can be expressed by

U (X) =

⎡
⎣λX (X) 0 0

0 1 0
0 0 1

⎤
⎦ (11)

where λX(X) is the axial stretch ratio of the material in the
material coordinateX. Substituting (8) and (11) into (10),R(X)
can be expressed by

R (X) =
[
λX(X)−1 · ∂r

∂X
∂r
∂Y

∂r
∂Z

]
. (12)

According to the orthogonality of R(X), the orientation of the
actuator’s centerline can be thus be obtained as

R(X) =
[

∂r
∂Y × ∂r

∂Z
∂r
∂Y

∂r
∂Z

] |Y=Z=0. (13)

With the parameterization of the element motions, geomet-
rical constraints should be further introduced, considering that
the actuators are connected to the base stage and the output
stage. For the nodes defined at the base stage, their absolute
coordinatesqb can be regarded as constant vectors. For the nodes
defined at the output stage, their absolute coordinates qc can be
determined with the position and orientation of the output stage
xo = [po

T θo
T ]T . Hence, the whole configuration variables of

the robot can be expressed as

q ∈ R12Ne+6 =
[
qw

T xo
T
]T

(14)

whereqw represents the absolute coordinates of all theNe nodes
that are not defined at the two ends of the actuator.

C. Force Analysis

The motions of the soft parallel robot are generated by the
effects of actuation forces, elasticity forces, and external forces,
simultaneously. In order to establish the kinematic model for the
whole robot with the adopted parametrization method based on
ANCF, the generalized forces corresponding to these effects on
each element are analyzed. Then, the external-force-dependent
kinematic mappings of the soft parallel robot are presented.

1) Actuation Force: For the soft pneumatic actuator, the mo-
tion is actuated by the compressed air in the chamber. Denoting
P as the input pressure, the virtual work done by the compressed
air in an element can be written as

δWA = PδVc (15)

where δVc denotes the virtual volume increment of the cham-
ber. With the deformation gradient defined in (8), δVc can be
calculated by

δV =
∂
(∫

Vc
(|J (X)| − 1)dV

)
∂qe

δqe. (16)

Combining with (16), (15) can be rewritten as

δWA = (Qe
A)

T δqe (17)

where Qe
A is called as the generalized actuation force vector of

the element, which can be expressed by

Qe
A = P

∂
(∫

Vc
(|J (X)| − 1)dV

)
∂qe

. (18)

It should be noted that, for the actuator in our design, the
compressed air produces elongation in the axial direction. For
simplification, the element length Le can be regarded as the
function of the input pressure

Le(P ) = λ(P )L0 (19)

where L0 and λ represent the initial length of the element and
the stretch ratio of the actuator, respectively. Fig. 6 shows the
testing results of the relation between the input pressure and the
output stretch ratio of three fabricated actuators.

2) Elastic Force: The generalized elastic force acted on an
element can be calculated by

Qe
E = −∂Ue (qe)

∂qe
(20)

where Ue is the total elastic potential energy of the element. In
general, Ue can be obtained by the volume integration of the
elastic energy density ϕ(X), i.e.,

Ue =

∫
V

ϕ (X)dV. (21)

The calculation of ϕ(X) depends on the adopted consti-
tutive law of materials. For the simulation in this work, to
improve the computational efficiency, the linear constitutive law
of Euler–Bernoulli beam and 1-D integration is used to calculate
(21) for proof-of-concept testing, where the shearing and the
deformation of the actuator’s cross section are neglected. This
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Fig. 6. Actuation tests of the fabricated actuators. (a) Elongation deformation
occurs when inflating the chamber of the fiber-reinforced actuator. (b) Relation
between the stretch ratio and input pressures is tested for three fabricated
actuators.

assumption introduces constraints for the absolute nodal coor-
dinates of elements. Actually, on the two nodes of an element,
the deformation gradient can be written as

G1 = ∂r
∂X |X=Y=Z=0 =

[
g11 g12 g13

]
G2 = ∂r

∂X |X=Le,Y=Z=0 =
[
g21 g22 g23

]
.

(22)

According to (22), gi1, gi2, and gi3 (i = 1, 2) are parallel to the
three basis vectors of the local coordinate system (O − XYZ),
respectively. Hence, if there is no deformation of the cross
section, gi2 and gi3 are unit orthogonal vectors. Further, if there
is no shearing, gi1 will be a unit vector perpendicular to gi2

and gi3. Therefore, G1 and G2 are orthogonal matrices. Then,
following constraint equations should be satisfied:

gT
ijgij = 1 (i = 1, 2, j = 1, 2, 3)

gij
Tgik = 0 (i = 1, 2, j = 1, 2, 3, j �= k)

gi1 × gi2=gi3 (i = 1, 2) .
(23)

The aforementioned equations can be rewritten in the following
vector form

Fec =
[
g12

Tg12 − 1 g13
Tg13 − 1 g12

Tg13

(g12 × g13 − g11)
T g22

Tg22 − 1 g23
Tg23 − 1

g22
Tg23 (g22 × g23 − g21)

T
]T

= 0 (24)

Then, considering the deformation of the element’s centerline,
each component of the curvature can be calculated by

⎡
⎣ 0 −kb2(X) kb1(X)

kb2(X) 0 −kt(X)
−kb1(X) kt(X) 0

⎤
⎦ = R(X)T

∂R(X)

∂X
(25)

where kt is the torsion curvature, while kb1 and kb2 are two
orthogonal components of bending curvatures. Besides, the re-
sultant bending curvature and tensile strain (not including the

Algorithm 1: Equation Solver.
Input: Generalized loads u and initialized v0.
Output: Indeterminate variables v.
1: Generating an incremental sequence
{ui|i = 1, 2, . . .m}, where um = u.

2: v← v0.
3: for i = 1; i ≤ m; i++ do
4: Qcurrent ← Q̃(ui,v).
5: while ‖Qcurrent‖ > ε (the precision criterion)do
6: Jv ← Calculating Jv defined in (35).
7: v← v − Jv

−1Qcurrent.
8: Qcurrent ← Q̃(ui,v).
9: end while

10: end for
11: Return v.

part caused by actuation) of the centerline can be expressed as

kb(X) =

(
∂2rT

∂X2

∂2r

∂X2

)1/2

|Y=Z=0

ε(X) =
1

2

(
∂rT

∂X

∂r

∂X
− 1

)
|Y=Z=0. (26)

Hence, adopting the linear constitutive law, (21) can be calcu-
lated by

Ue =
1

2

∫ Le

0

[
EIkb(X)2 +GIkt(X)2 + EAε(X)2

+αFec
TFec

]
dX (27)

where EI , GI , EA, and α represent the flexural rigidity, the
torsion rigidity, the tensile rigidity, and the penalty factor, re-
spectively.

Remark: The effect of actuation is considered in the element’s
length by (19), which makes the extra tensile strain defined in
(26) small. Therefore, the linear constitutive law in (27) can be
used to improve the computational efficiency.

3) External Forces: The external forces acted on an element
include the payload and the gravity, which can be modeled as a
spatially distributed force function fe(X). The virtual work due
to the external forces can be calculated by

δWF =

∫
V

fe (X)T δr (X) dV. (28)

Substituting (6) into (28), the corresponding generalized force
vector of the external forces can be expressed by

Qe
F =

∫
V

S (X)T fe (X) dV. (29)

Considering the actuator in our design, fe(X) can be simplified
by the force distributed along the center line feL(X). Hence, (29)
can be rewritten as

Qe
F =

∫ Le

0

S
([

X 0 0
])T

feL(X)dX. (30)
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Algorithm 2: ForwardKinematics.
Input: Input pressures P and payloads f .
Output: Configuration parameters q of the robot.
1: λ← Calculate the stretch ratio of each actuator

according to P.
2: u← [λT fT ]T .
3: v0 ← Initialize the value of q.
4: v← EquationSolver(u,v0)
5: Return q← v.

Algorithm 3: InverseKinematics.
Input: Desired output position po and payloads f .
Output: Pressures P and configuration parameters q.

1: u← [po
T fT ]

T
.

2: Initialize the values of λ and [qw
T θo

T ]T .
3: v0 ← [qw

T θo
T λT ]T .

4: v← EquationSolver(u,v0)
5: [qw

T θo
T λT ]T ← v

6: q← [pw
T po

T θo
T ]T

7: P← Calculating input pressures of each actuator
according to λ.

8: Return P and q.

Fig. 7. Schematic illustration of the mappings among the kinematic spaces of
the soft parallel robot.

D. Kinematic Mappings

With the results of force analysis, the total generalized force
acted on an element can be calculated by

Qe = Qe
A +Qe

E +Qe
F . (31)

Then, the generalized force Q ∈ R12Ne+6 with respect to the
global configuration parameter q of the robot can be assembled
by Qe. Considering the equilibrium condition, the following
equation should be satisfied:

Q (q,λ (P) , f) = 0 (32)

where λ ∈ R3 is a vector representing the stretch ratios of all
the actuators, and f ∈ R3 represents the external force acted on
the output stage. Therefore, (32) describes the relation among
the input pressures of the actuators P, the robot configuration
q, and the external payloads f .

Based on (32), both the forward and inverse kinematics
analysis (as illustrated in Fig. 7) can be achieved by a unified

method as follow. First, divide the variables in (32) into two
parts, i.e., the given generalized loads u and the indeterminate
variables v. As for the forward and inverse kinematics, u ∈ R6

and v ∈ R12Ne+6 are defined in (33) and (34), respectively.

u =
[
λ(P)T fT

]T
,v = q (33)

u =
[
po

T fT
]T

,v =
[
qw

T θo
T λ(P)T

]T
. (34)

Then, (32) can be rewritten as Q̃(u,v) = 0. In order to solve
the indeterminate variables with the given u and ensure the
convergence, u can be divided into a series of increment steps.
In each step where u = ui, the Newton–Raphson method [53]
can be used to update v with the following iterative form:

vj+1 = vj − Jv
−1 ∣∣

v=vj ,u=ui
Q̃ (ui,vj)

where Jv ∈ R(12Ne+6)×(12Ne+6) = ∂Q̃(u,v)
∂v .

(35)

The iterative processes in each step should stop when the norm
of Q̃ is within the criterion value. The detailed procedures for
obtaining the results of v are also presented in Algorithm 1.
In addition, the forward and inverse kinematics based on this
method are summarized in Algorithms 2 and 3, respectively.

IV. SIMULATION AND EXPERIMENTAL RESULTS

To evaluate the developed kinematic model, simulations and
experiments are conducted on the workspace analysis, stiffness
analysis, and feedforward control of the soft parallel robot.

A. Parameter Definition

In order to validate our developed model on the soft par-
allel robot, several actuator-specific and actuator-independent
parameters should be first given, including the flexural rigidity,
the torsion rigidity, the tensile rigidity, the element number
for each actuator, and the penalty factor. Among them, the
flexural rigidity of the actuator EI = 0.0025 N ·m2 is iden-
tified by a set of horizontal loading tests, as described in [48].
According to the symmetry of the actuator, the torsion rigid-
ity GI = 0.0016 N ·m2 can be determined by 2EI/3. While
EA = 68.4 N is calculated according to the Young’s modulus
of the used rubber (ELASTOSIL M4601, E = 483.5 kPa [54]).

Additionally, there are two parameters needed to be deter-
mined, i.e., the element number ne of each actuator, and the
penalty factor α. In general, a larger number of elements can
improve the model’s accuracy, which, however, will result in
larger computation cost as well. To choose a suitable element
number ne for each actuator, the relations among ne, compu-
tation cost, and the simulation results should be considered.
First, we denote xo

n as the predicted position of the output stage
(in the unactuated state) when ne = n. Then, we can express
a variation of the prediction result (when ne is increased by
1) as Δxo

n = xo
n+1 − xo

n, which can be used to evaluate the
sensitivity of xo

n to the element number. As shown in Fig. 8(a),
Δxo

n, and calculation time are plotted as functions of the element
number. The results demonstrate that ‖Δxo

n‖ is close to zero
whenne > 4. Hence, for the tradeoff between the computational
efficiency and model accuracy, we choose ne as 5 in this work.
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Fig. 8. Numerical analysis on the influence of ne and α. (a) Relations among
ne, the sensitivity of the predictedxo

n to the element number, and the calculation
time. (b) Relation between the penalty factorα and the residual error of constraint
equations.

Besides, a larger value of the penalty factor α can make the
simulation result better satisfy the given constraint conditions.
However, a too large value of α may influence the convergence
of the kinematic algorithms. To evaluate the effect of this pa-
rameter, we first define the global constraint equations Fc = 0
(which can be obtained by merging the constraint equations of
all the elements). Then, the relation between α and ‖Fc‖ can be
calculated out. The obtained result is shown in Fig. 8(b), which
illustrates that ‖Fc‖ is close to zero when α = 8. In addition, it
is verified by numerical tests that this choice of α can contribute
to the convergence of the proposed algorithms.

B. Experimental Setup

To regulate the input pressures for the robot, electronic pres-
sure regulators (QB1XANEEN100P400KPG, Proportion-Air)
and the control module (MicroLabBox-DS1202, dSPACE) are
used. The control commands are sent by MATLAB (interacting
with the control module by the serial port), where the kinematic
calculation is implemented. In addition, a camera system (Op-
titrack, Prime 13) is configured to capture the robot’s motion.

C. Workspace Analysis

With the developed kinematic model, we analyze the posi-
tional and orientational workspace of the designed soft parallel
robot. In order to avoid damage of soft actuators, the maximum
value of the applied pressure is set asPmax = 180 kPa according
to prior experimental results. Then, the Monte Carlo simulation
is used to obtain the workspace with the kinematic model. To

this end, we first generate a 3× ns random matrix Psam, where
we manually set ns as 5000. Each element of this matrix Psam

ij

(i = 1, 2, 3, j = 1, 2, . . .ns) is a uniformly distributed random
number from 0 to Pmax. For each integer i from 1 to ns, setting
the pressure vector P as [Psam

1j Psam
2j Psam

3j ]T , calculate the
robot pose with our developed model and record the result.
Finally, we obtain ns robot poses within its workspace.

Fig. 9(a) and (b) shows the simulation result of the posi-
tional and orientational workspace of the robot. To verify the
calculation result by experiments, we actuate the robot with
different input pressures and record the robot poses. The detailed
actuation schemes are as follows.

1) Inflate each actuator gradually (with the input pressure
from 0 kPa to Pmax), meanwhile, the input pressures of
other two actuators are fixed by the extreme values (0 kPa
or Pmax).

2) Pairs of the actuators are inflated gradually together (with
the input pressure from 0 kPa to Pmax), and the remained
one is applied with the extreme input pressure (0 kPa or
Pmax).

Testing the aforementioned total 18 actuation schemes, the po-
sition and orientation of the output stage can be captured, which
are compared with the model prediction [as shown in Fig. 9(c)
and (d)]. The average and maximum position errors are 0.98 and
2.05 cm, respectively (about 4.1% and 8.6% of the maximum
length of the robot’s workspace). The length of the workspace is
defined as the maximum positional distance between two points
on the experimental boundaries of the workspace. Besides, the
average and maximum orientation errors are 5.85 ◦ and 12.88 ◦,
respectively. Fig. 9(e) and (f) shows the error distributions at
different robot poses. In addition, the average time cost for
motion prediction with given input pressures in each step is
about 2.6 ms. It should be noted that, due to the fabrication
errors, the mechanical properties of the three actuators are not
same. For example, as shown in Fig. 6, three actuators of the
soft robot have different actuation-elongation relations. Such
differences among actuators may cause the asymmetry of the
error distributions shown in Fig. 9(e) and (f).

Remark: We may mention that the observed modeling errors
may be also resulted from several factors, such as the cross-
sectional deformation, the existence of shearing, and the rigidity
change of the actuator during inflation. In this work, these factors
are not taken into consideration to achieve a more computation-
ally efficient implementation. It is worthy of mentioning that
we can extend our model to further consider the more general
3-D deformation including the shearing and the deformation of
the cross section, by substituting the spatial strain tensor in (9)
into a nonlinear constitutive law defined by the expression of the
strain energy density ϕ(X) to calculate the overall strain energy
in (21).

D. Comparisons With the Conventional FEM

To further demonstrate the accuracy and computational effi-
ciency of our developed model, we construct a 3-D FEM model
for comparison. In this sense, we adopt the FEM modeling
processes for fiber-reinforced actuators with ABAQUS/Standard
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Fig. 9. Workspace analysis of the soft parallel robot. (a) Position workspace and (b) orientation workspace of the robot are calculated out with Monte Carlo
simulation based on our kinematic model. The simulated boundaries of the robot’s workspace are compared with the experimental results (c) and (d). (e) and (f)
Prediction error distributions of both the position and orientation are shown.

(Simulia, Dassault Systemes). In this model, the material
behavior of the silicone rubber (ELASTOSIL M4601) is
characterized by a hyperelastic incompressible Yeoh model
(C1 = 0.11 MPa and C2 = 0.02 MPa) [48], while the fiber is
modeled as linear elastic material (with Young’s modulus of
2.9 GPa and Poisson’s ratio of 0.41). Quadratic tetrahedron

hybrid elements (type C3D10H in Abaqus) and linear beam
elements (type B31 in Abaqus) are used to discrete the silicone
rubber and the fiber of actuators, respectively. Tie constraints
are set between the fiber and the silicone rubber tube, also,
between actuators and the output stage (which is modeled by
a discrete rigid body). The effect of compressed air is modeled
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Fig. 10. Illustrations of the simulated configurations of the soft parallel robot with the FEM and our ANCF-based model as well as the experimental results,
when one of the actuators is actuated. The top row shows the experimental results. The middle and bottom rows show the simulation results by the conventional
FEM and the ANCF-based kinematic model, respectively.

Fig. 11. Comparisons of the displacements of the output stage calculated by the conventional FEM and the ANCF-based kinematic model as well as the
experimental results.

by uniformly distributed pressures acted on the internal walls of
the actuators. In addition, the gravity of the whole system is also
considered. Then, we use the constructed FEM model to predict
the robot motion when actuating one of the actuators with the
input pressure from 0 to 180 kPa. The predicted evolution of
the robot configuration is shown in Fig. 10, which is compared
with the simulation results by the ANCF-based kinematic model.
It can be found that the results of the two models are both
well-matched with the experiments. The FEM model takes 7.3
min to simulate the whole processes, while the time cost of our
developed kinematic model is only 15 ms. Furthermore, our
kinematic model is more accurate in predicting the positions of
the output stage, which is illustrated in Fig. 11. The main reason
may be that the FEM model cannot consider the uncertainty of

fabrication errors of the soft actuators. For example, the three
actuators of the soft robot have different actuation-elongation
relations, which is difficult to be handled in the standard FEM
modeling processes. However, such differences of actuator prop-
erties are considered in our model by fitting the relation between
the stretch ratios and input pressures [as expressed in (19)] with
experimental data.

E. Stiffness Analysis

The robot stiffness can be analyzed with the displacements
resulted from loadings in different directions [as shown in
Fig. 12(a)]. In this work, the influence of the design parameter
φ (as illustrated in Fig. 3) on the robot stiffness is investigated.
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Fig. 12. Stiffness analysis of the soft parallel robot. (a) Output stage of the soft parallel robot is subjected to external payloads. (b) Displacements of the output
stage when subjected to a constant load of 0.1 N in different directions, which are simulated with different values of φ. (c) With the constant load of 0.1 N in
horizontal (β = 90◦) and vertical (γ = −90◦) directions, the relation between the parameter φ and the robot displacement is simulated. (d) For the robot with
different values of φ, the experimental and simulated results of payload-displacement relations are compared. (e) (Left) Simulated ranges of position and (right)
orientation workspaces are shown. (f) Shapes of the workspace boundaries of the soft parallel robot with different values of φ.

To this end, with different values of φ, we firstly analyze the
displacements of the output stage when subjected to a constant
load of 0.1 N in different directions by simulation, where the
result is shown in Fig. 12(b). It can be found that the stiffness
of the robot in all the horizontal directions is almost uniformed
and much lower than the vertical stiffness. In order to further
investigate the influence of φ to the stiffness quantitatively, we
choose two specific loading directions, where β = 90◦ (parallel
to horizontal axis y) and γ = −90◦ (parallel to the vertical axis
−z), respectively. Then, theφ-displacement relation is simulated
in these two loading directions, as shown in Fig. 12(c). The
results indicate that, as φ increases, the horizontal stiffness will
largely increase, in contrast, the vertical stiffness will decrease.
In this sense, we carry out experiments with different horizontal
and vertical loadings. The experimental results are shown in
Fig. 12(d), which agree well with the simulation results. In
addition, the enhancement of horizontal stiffness by raising φ

may come at the cost of the loss of the workspace. In order
to investigate this effect, we quantitatively analyze the range
of robot workspace when changing φ. The simulated ranges
of position (wl (l = x, y, z)) and orientation workspaces (wθl

(l = x, y, z)) are shown in Fig. 12(e) and the shapes of the
workspace boundaries with different values of φ are shown in
Fig. 12(f).

F. Feedforward Control

Considering that our soft parallel robot has three actuators,
we can either control the 3-DoF translation or rotation of the
output stage. However, as demonstrated in Fig. 9(d), the output
stage can perform very limited rotation along the vertical axis
z. Hence, in this section, we only develop the model-based
controller to track the 3-D position of the output stage of the
soft parallel robot.
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Fig. 13. (a) The desired trajectories defined within the robot workspace. Input pressures of the robot’s actuators are calculated out in every discrete point defined
along the trajectories of the (b) star and (c) spiral curve.

Fig. 14. Experimental results of tracking the trajectory of a (a) star and (b) spiral curve with different output velocities.
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Fig. 15. Comparisons between the simulated configurations (the top row) and the experimental pictures (the bottom row) of the robot when tracking a circular
trajectory, where the output velocity is 2 cm/s.

Algorithm 4: Feedforward Trajectory Tracking Controls.
Input: A desired spatial trajectory within the robot’s
workspace ς(t)(t ∈ [0, Th]) and payloads f .

Output: The robot is controlled to follow the trajectory
tracking motion.

1: Generate a series of sample points
X sam = {xsam

i |i = 1, 2, . . ., N} along ς(t)

2: P,q← InverseKinematics (xref
1 , f).

3: Sending signals to the control module according to P.
4: tc ← 0. // initialize the current time.
5: while tc ≤ Th do
6: Find xd ∈X sam, which minimize ‖xd − ς(tc)‖.
7: P,q← InverseKinematics (xd, f).
8: Sending signals to the control module according to

P.
9: tc ← Update the current time.

10: end while

The inverse kinematics discussed in Section III can be used
for the feedforward trajectory tracking control. In general, an
arbitrary spatial target trajectory within the robot’s workspace
can be discretized by a series of points along it. Then, the
trajectory tracking motion can be transferred into a sequence
of point-to-point motions, where the input pressures for each
point are precalculated. The procedure of feedforward trajectory
tracking control is presented in Algorithm 4.

To verify the development, we control our fabricated soft
parallel robot to follow the trajectories, such as a star and a
spiral curve [as shown in Fig. 13(a)]. First, we discretize the
trajectories by points with the intervals of 0.2 mm. Then, the
input pressures of the robot on each point are calculated [as
shown in Fig. 13(b) and (c)]. Finally, the trajectory tracking

motions are tested under different output velocities. The ex-
perimental results are presented in Fig. 14, where the actual
trajectories of the output stage are compared to the desired ones.
Denoting {xact

i |i = 1, 2, . . ., N} and {xref
i |i = 1, 2, . . ., N} as

the captured positions of the output stage during the motions
and their referenced values, respectively, the tracking error can
be evaluated by the average Euclidean distance:

Error =
1

N

N∑
i=1

√(
xref
i − xact

i

)T (
xref
i − xact

i

)
. (36)

According to (36), the mean tracking errors under the velocity of
1, 2, and 4 cm/s are 0.62, 0.72, and 0.94 cm (about 2.6%− 3.9%
of the maximum length of the workspace), respectively. In
addition, the developed model can also well predict the robot
shape during the motion, as shown in Fig. 15. We may mention
that the average time for calculating the input pressure and
the robot’s configuration for each target point (with the given
intervals) is about 3.5 ms, which makes the developed controller
efficient enough for real-time applications. The simulation and
experimental results well demonstrate the accuracy and compu-
tational efficiency of our developed model and the model-based
controller.

Remark: To satisfy the low-speed conditions required in (32),
we choose the speed range of 1–4 cm/s in the trajectory tracking
test according to the prior experimental results. It can be found
that, within such speed range, the tracking error will not rise
sharply with the increase of the speed.

V. CONCLUSION

This article presented a general framework on the design,
modeling, characterization, and control of a class of soft parallel
robots. Different from the designs of the traditional parallel
mechanism, the kinematic chains of the presented robot were
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entirely soft that consisted of three fiber-reinforced pneumatic
actuators. In order to handle the challenges of accurate motion
simulation, performance analysis, and control for such 3-D soft
mechanisms, a ANCF-based kinematic model was developed.
In this model, both the global motion and the local deformation
of the soft parallel robot can be well parameterized. Hence,
the effects of actuation forces, elasticity, and external forces
were completely analyzed, which led to an accurate kinematic
mapping between the actuation space and the configuration
space. Based on the developed model, the robot workspace and
stiffness with different design parameters were well investigated,
which were all verified by the experimental results. Finally,
a model-based feedforward controller was developed, which
performed an average positioning error of0.62− 0.94 cm (about
2.6%− 3.9% of the maximum length of the robot’s workspace)
when tracking different trajectories with the output velocity
under 1− 4 cm/s. The presented model-based controller can
also be applied for the tasks of real-time robot manipulation by
the interactive interface, which will be considered as our future
work.

We may also note that this work mainly focused on the
kinematic modeling of 3-D soft mechanisms in low-speed condi-
tions. Some dynamic factors including the external disturbances,
however, were not considered in the developed model and the
controller design. In the future, we will extend our model for
more general dynamic conditions by taking the viscoelasticity
of materials and hysteresis of the actuation system into account,
and further develop the robust control strategy to handle the
external perturbations or disturbances.
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