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Nonlinear Modeling of the Finite Helical
Deformation of 3D-Printed PneuNets

Qinghua Yu , Mengjie Zhang , Chengru Jiang , Guoying Gu , Senior Member, IEEE, and Dong Wang

Abstract—PneuNet, consists of a series of interconnected cham-
bers embedded within a soft elastomer material, can exhibit diverse
deformations. 3-D printing allows for precise control over both
material combinations and geometrical configurations, enabling
the fabrication of PneuNets with complicated structures and mul-
tifunctionality. However, the increased freedom in material and
structures introduced by 3-D printing also presents significant
challenges for modeling and design, including material nonlineari-
ties, complex cross-sections, and varying initial curvatures. In this
work, we develop 3-D-printed PneuNets with varying initial cur-
vatures and cross-sections demonstrating finite deformation with
multiple complete turns. To model the helical shape, we establish
a general nonlinear framework based on the minimum potential
energy method. The model is validated by PneuNets with various
material combinations and geometrical configurations across a
range of constitutive models, including Mooney–Rivlin, Ogden,
Neo–Hookean, and Yeoh models. Results show that the nonlinear
model, especially the Mooney–Rivlin model, accurately captures
the deformation without any fitting parameters, achieving an R2

value of 0.975, compared to 0.017 for the linear model. Based
on the validated model, PneuNets are inverse-designed to achieve
desired spatial deformations. Their dynamic responses and payload
capacities are also evaluated. We design a 3-D-printed octopus with
tentacles composed of PneuNets, capable of mimicking the grasping
and movement of a real octopus. In addition, we demonstrate the
multifunctional capabilities such as fluid transition and sensing.
This study lays a solid foundation for the design and application of
3-D-printed PneuNets.

Index Terms—3-D-printed PneuNet, helical deformation,
minimum potential energy method, nonlinear constitutive model,
soft robots.

I. INTRODUCTION

H ELICAL shapes are ubiquitous in nature and serve as
efficient modes of motion. Examples include bacterial
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flagella for locomotion [1], plant tendrils for climbing [2], [3],
[4], elephant trunks for grasping [5]. Various soft actuators
have been developed to mimic these helical forms, including
PneuNets driven by air pressure [6], [7], [8], scaffold-reinforced
actuator driven by cable [9], and photosensitive helical fibrous
actuators [10]. Among these, PneuNet, comprising a series of
interconnected chambers within a soft elastomer, can exhibit
diverse 3-D deformations based on the structural design [11],
[12], [13]. Their rapid response, safe manipulation, and adapt-
ability to various environments have led to widespread appli-
cations in grasping [14], [15], [16], [17] and locomotion [18],
[19], [20].

Despite these advancements, the development of the Pne-
uNets is limited by manufacturing and theoretical challenges.
Traditional manufacturing methods, particularly molding, are
time-consuming and struggle to fabricate complex and multi-
functional structures. Thus, most PneuNets demonstrate limited
deformation, typically restricted to less than one complete he-
lix [21], [22]. Moreover, as soft robots are expected to perform
in real-world applications, there is an increasing demand for
PneuNets that incorporate multifunctional capabilities, such as
integration with soft sensors and microfluidic channels. But
the traditional molding process presents significant obstacles
in achieving these advanced functionalities. Additive manufac-
turing, or 3-D printing, allows for precise control over both the
structural design [23], [24], [25] and material composition [26],
[27], [28], [29]. For instance, 3-D printing enables the fab-
rication of PneuNets with varying materials and geometries,
such as initial curvatures and cross-sectional shapes, which
can significantly increase the deformation amplitudes [30],
[31]. A notable design is the 3-D printed SpiRobs [32], which
replicate the spiral and demonstrate the ability to grasp ob-
jects that vary in size by more than two orders of magni-
tude and up to 260 times self-weight. Furthermore, 3-D print-
ing facilitates the integration of additional components, such
as soft sensors [29], [33], [34], [35] and microfluidic chan-
nels [36], [37], [38], enhancing the PneuNets’ multifunctional
capabilities.

A. Literature Review

The increased freedom in material combinations and struc-
tural designs introduced by 3-D printing also presents significant
challenges for modeling and design. The use of soft materials
leads to nonlinearities that existing models often overlook [39],
[40]. In addition, the complexity of 3-D-printed structures,
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characterized by varying cross-sections, initial curvatures, and
multimaterial combinations, complicates accurate modeling fur-
ther [41], [42], [43].

Recently, many theoretical models have been developed,
including the Cosserat rod theory, morphoelastic rod models,
and full 3-D continuum mechanics approaches [44], [45], [46].
Among them, Cosserat rod theory has become a widely accepted
method for modeling the large deformation behavior of slender,
rod-like soft robots. Notably, Renda et al. [47] introduced a
variable-strain parameterization that discretizes the continuous
Cosserat rod model into a finite set of strain basis functions.
They further developed a geometrically exact inverse kinemat-
ics controller [48], proposed reduced-order models for hybrid
soft-rigid robots [49], and applied their theoretical framework
to diverse applications, including soft underwater tentacles and
flagellate-inspired propellers [50], [51], [52]. Li et al. [53]
introduced a piecewise linear strain parameterization, which
simplifies the model while retaining analytical tractability. For
control, polynomial curvature-based models [54] and affine
polynomial curvature model [55] has been developed. Xun
et al. [56] developed a real-time dynamic model incorporat-
ing a smooth reformulation of frictional contact constraints.
Software toolboxes such as Elastica and SoRoSim have also
been developed [57], [58], offering modular and extensible
platforms for simulating Cosserat-based soft robots. The use
of Elastica and SoRoSim can significantly reduce numerical
complexity. The 3-D-printed PneuNets are relatively wide due to
their embedded air chambers, whereas the Cosserat rod model
generally assumes a high length-to-width ratio. Nevertheless,
the standard Cosserat framework (e.g., SoRoSim) can still be
applied to approximate the behavior of 3-D-printed PneuNets,
even though the slenderness assumption is formally violated.
For instance, pressure-dependent nonlinear Cosserat rod mod-
els have been developed for nonslender soft pneumatic actua-
tors and demonstrated accurate predictive capability [59], [60],
[61], [62].

Beyond the Cosserat rod theory, alternative modeling
approaches have also emerged. For example, Kaczmarski
et al. [63], [64] proposed an active filament model based on mor-
phoelastic rod theory. Martin et al. [65] presented a natural cyclic
coordinate descent method to solve the inverse kinematics prob-
lem of hyper-redundant and soft manipulators. Venkiteswaran
et al. [66] used a pseudorigid body model to estimate the contact
forces in soft manipulator, which simplifies soft continuum
structures using a series of rigid links and torsional springs.
But it does not capture the continuum mechanics required for
material nonlinearities. An analytical model based on the mini-
mum potential energy method and rod theory was developed in
our previous work to model the helical deformation [67], [68].
However, the models treated the materials as linear elastic, which
causes significant discrepancy in finite deformation. For soft
robots that cannot be approximated as 1-D structures, numerical
methods such as the finite element (FE) method are generally
required. However, these methods are often time-consuming
and may suffer from convergence issues. Hence, the develop-
ment of PneuNets requires theoretical model that account for

Fig. 1. (a) Spiral PneuNet with initial curvature and internal chamber. (b) The
PneuNet shows helical deformation under pressure. (c) The local deformation
can be characterized by two primary curvatures �1 and �2. (d)–(f) The spiral
PneuNet is able to (d) wrap object, (e) transfer fluid and (f) integrate with soft
sensor.

nonlinear material properties, multimaterial combinations, and
complicated geometries.

B. Main Contributions

In this work, we develop 3-D-printed PneuNets demonstrat-
ing finite deformation that exceed three complete turns (see
Fig. 1). To model the finite helical deformation, we establish
a general nonlinear framework of the 3-D-printed PneuNets.
Unlike previous models based on linear elasticity, the approach
employs nonlinear constitutive models. The local deformation is
characterized by two primary curvatures [see Fig. 1(c)]. Due to
the continuous shape change under input pressure, establishing
force and moment equilibrium is challenging as the deformation
coordinates are constantly shifting. Consequently, the minimum
potential energy method is adopted as the work done by the air
pressure can be readily calculated. To validate the generality
of this nonlinear framework, PneuNets with various material
combinations and geometrical configurations are 3-D printed
and the experimental results agree well with the theoretical
model across a range of constitutive models.

We further demonstrate the multifunctionality of these 3-
D-printed PneuNet by designing an octopus-like model with
a central body and six spiral PneuNets as tentacles, capable
of mimicking the grasping and movement behaviors of a real
octopus [see Fig. 1(d)]. In addition, we integrate a catheter along
the centerline of the PneuNet, which enables multifunctional ca-
pabilities such as fluid handling and soft sensing. The PneuNets
effectively realize fluid transitions between curled and uncurled
states [see Fig. 1(e)], and the incorporation of soft sensors
allows for the detection of stretching and contraction along the
centerline [see Fig. 1(f)]. This study lays a solid foundation for
the design and applications of 3-D-printed PneuNets.
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Fig. 2. Design of 3D-printed PneuNet. (a) The design procedures of the spiral
PneuNet. (b) Undeformed and deformed shapes of the spiral PneuNest with outer
and inner chambers. (c) The undeformed and deformed shapes of generalilzed
PneuNet.

The main contributions of this work can be summarized as
follows.

1) We developed an integrated digital design and multi-
material 3-D printing approach for the rapid prototyp-
ing of PneuNets with varying geometric and material
parameters.

2) We extended the previous linear elastic model of PneuNets
to account for finite deformations, considering the material
nonlinearity, varying cross-section, and initial curvatures.
The model satisfies a range of constitutive models, in-
cluding Mooney–Rivlin, Ogden, Neo–Hookean, and Yeoh
models. Results show that the nonlinear model, especially
the Mooney–Rivlin model, accurately captures the de-
formation without any fitting parameters, achieving an
R2 value of 0.975, compared to 0.017 for the linear
model.

3) We demonstrated the multifunctionality of the 3-D printed
PneuNets by wrapping, fluid handling, and soft sensing.

The rest of this article is organized as follows. Section II
introduces the design and fabrication method. The theoretical
model is presented in Section III. Validation, inverse design,
and dynamic behaviors are given in Section IV. Applications
are demonstrated in Section V, Sections VI discusses and finally,
Section VII concludes this article.

II. DESIGN AND FABRICATION

A. Structural Design

Two types of PneuNets are fabricated: spiral PneuNet and
generalized PneuNet (see Fig. 2). The spiral PneuNet, depicted
in Fig. 2(a), has a centerline that follows an Archimedean spiral
defined by the equation Ra = a�, where a = 1.8 mm / rad, and �
ranges from � to 5� rad. The undeformed and deformed shapes
are given in Fig. 2(b). The generalized PneuNet consists of a

top chamber layer and a bottom layer [see Fig. 2(c)]. The top
chamber layer contains a series of linearly arranged chambers
connected by an internal chamber. The chambers are oriented at
an angle of �.

A computer-aided design tool for visualization and manufac-
turing of the spiral PneuNet has been developed. This approach
allows for rapid generation and visualization of the structures
by manipulating the input geometric parameters. The STL files
for 3-D printing can be generated directly. The design tool
is implemented in 3-D modeling software Rhinoceros using
the algorithmic design environment Grasshopper (Movie S1,
Supporting Information). It consists of the following steps: 1)
formation of Archimedean spiral using parametric functions; 2)
generation of a circular pipe along the base curves with variable
radius; 3) separation of the chamber with prescribed intervals
and angle; 4) application of shell features to the entire structure
to achieve the desired thickness. The PneuNet’s head and tail are
further enclosed, including a hole for resin drainage. STL files
can be directly output for 3-D printing. The chambers are either
inside or outside, and the angle of the chambers are 90� or 60�.
The radius Rout of the pipe follows Rout = b+ c× l, where l is
the arc length from the origin, with b = 3.5 mm and c = 0.0134.
The width of the interval d = 0.9 mm, and the thickness t =
1.1 mm.

B. Material Preparation

Four types of photocurable resins were used: VEAA, TEAA,
65AT, and Gingiva Mask. The hybrid photocurable resin VEAA,
TEAA, 65AT, were prepared by mixing the VeroClear and EAA
at the 4:1 weight ratio, TangoPlus, and EAA at 3:2 weight ratio,
and 65 A, and Tango at 3:2 weight ratio. 0.02 wt% Sudan I was
added to the TEAA mixture. All the hybrid resins were prepared
by mixing the resins thoroughly for 1 min at 2000 r/min followed
by centrifugation for 1 min at 2200 r/min, using the planetary
centrifugal mixer (ARE-310, Thinky, USA). The photocurable
elastomer resin VeroClear and TangoPlus was purchased from
Stratasys (MN, USA). The monomer EAA (Ebecryl 113) was
purchased from Allnex (Germany). The photo absorber Sudan
I was purchased from Sigma Aldrich (MO, USA). The flexible
resin 65 A and Gingiva Mask was purchased from QIEFENG
(China) and Kexcelled (China), respectively. The ionic hydrogel
was prepared by mixing 1.98 g Acrylamide (AAm), 0.1 g
PEGDA 700, 0.1 g water-soluble TPO, 1.5 g LiCl, and 8 g
deionized water. The mixture was then magnetically stirred for
6 h under room temperature.

The resins were selected based on the following critical
requirements: 1) photo-curability, to ensure compatibility with
DLP 3-D printing; 2) high failure strain, allowing large elas-
tic deformation without rupture; and 3) appropriate stiffness,
with a Young’s modulus ranging approximately from 0.1 to
10 MPa to effectively support pneumatic actuation. Two custom-
formulated resins, VEAA and TEAA, were thoroughly char-
acterized in our previous study [43], demonstrating suitable
printability and mechanical properties, including Young’s mod-
uli of 2.06 and 0.57 MPa, and failure strains of 64.1% and
71.4% , respectively. In addition, two commercial resins—65AT
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Fig. 3. Fabrication and actuation. (a) The 3-D printing process of the PneuNet.
(b) The residual resin inside the PneuNet is rinsed by flowing alcohol through a
designated hole. (c) The hole at the end is sealed. (d) Schematic diagram of the
experimental setup for actuation.

and Gingiva Mask—were selected based on datasheet specifi-
cations and internal validation experiments. These commercial
resins exhibit excellent photopolymerizability, high elongation
at break (greater than 100% ), and stiffness within the target
modulus range, thereby satisfying all performance requirements
for this application.

C. DLP 3-D Printing

The PneuNet is fabricated using DLP 3-D printing with two
photocurable resins on a customized multimaterial 3-D printer
[see Fig. 3(a)]. The 3-D printer is equipped with multiple vats
mounted on a horizontal translation stage, allowing each vat to
be selectively aligned with the printing platform as needed. A
UV projector is used to project a specific UV light pattern onto
the resin vat, curing the resin to form desired structure. The
printing platform is positioned under a rotating motor and fixed
on a vertical translation stage.

The printing procedures involves the following steps. 1) Ma-
terial 1 printing: the vat with material 1 is moved to the center,
and the printing platform descends to form the desired thickness.
The slice image of material 1 is then projected to cure the
layer. 2) Resin cleaning: the platform lifts to separate from the
liquid surface, and the rotating motor activates to remove any
residual resin adhering to the structure and platform. 3) Material
2 printing: the same steps are repeated for material 2. The
multimaterial 3-D printing platform enables the fabrication of
PneuNet structures with varying initial curvatures, nonuniform
cross-sections, and complex multimaterial compositions.

During the 3-D printing process, a circular hole is left at the
end of the PneuNet [see Fig. 3(b)]. After printing, alcohol is
injected from the front of the actuator, flowing through and
exiting from the end to flush out any residual liquid. Once
thoroughly cleaned, the hole at the end is sealed using V-1510
silicone-specific flexible adhesive [see Fig. 3(c)]. Air pressure

Fig. 4. Material characterization. (a) Uniaxial tensile stress–strain curve of
dogbone sample printed by Gingiva Mask, fitted by Mooney–Rivlin, Ogden,
Neo–Hookean, Yeoh, and linear models. (b)–(d) Uniaxial tensile stress-strain
curves of dogbone samples printed by (b) VEAA, (c) 65AT and (d) TEAA. The
curves are fitted by Mooney–Rivlin, Ogden and Yeoh models.

is then applied through the circular opening at the front, with a
pressure gauge attached to monitor the real-time pressure [see
Fig. 3(d)].

D. Material Characterization

The material properties of the used materials were charac-
terized. Uniaxial tensile tests were conducted for the dogbone
samples. The uniaxial tests were performed using a uniaxial
tensile testing machine. Pneumatic grips applied a clamping
pressure of 0.2 bar to secure both ends of the dogbone-shaped
specimen. The specimen was then stretched at a constant dis-
placement rate of 10 mm/min until failure to ensure quasi-static
conditions. All tests were conducted at room temperature (ap-
proximately 25 �C). The specimens followed standard dogbone
geometry, with a gauge length of 25 mm and a width of 6 mm.
Stress–strain curves were obtained using force and displacement
data collected from the testing machine. Engineering stress was
calculated based on the initial cross-sectional area, and strain
was computed from the displacement. All stress data were ref-
erenced to the undeformed (material) configuration, consistent
with standard practice in hyperelastic model fitting.

The resulting stress–strain curves are shown in Fig. 4(a)–(d)
for Gingiva Mask, VEAA, 65AT, and TEAA, respectively. Both
linear elastic and nonlinear hyperelastic constitutive models
were used to fit the stress–strain curves. The fitting parameters
are shown in Table I.

III. THEORETICAL MODELS

In this section, the theoretical model for 3-D-printed PneuNet
is developed. The deformation can be considered as a helix
with pitch Pt and radius R. The local strain is characterized
by two principal curvatures in the principal strain coordinate.
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TABLE I
CONSTITUTIVE MODELS AND FITTED PARAMETERS FOR TENSILE TESTS OF 3D-PRINTED DOGBONE SAMPLES

Fig. 5. Theoretical model of the generalized PneuNet. Cross-sectional views
of the (a) spiral PneuNet and (b) its chamber. Cross-sectional views of (c) the
generalized PneuNet and (d) its chamber. The coordinate systems in (e) the
undeformed and (f) deformed states, respectively.

The minimum potential energy method is used. Equilibrium
states are determined, where the total potential energy reaches
its minimum.

A. Strain Coordinates

The geometry of the spiral and generalized PneuNets are
shown in Fig. 5(a)–(d) Due to the complex structure of the
3-D-printed PneuNet, four coordinates are defined: the global
coordinates X1 �X2 �X3, local coordinates x1 � x2 � x3,
chamber orientation coordinates m1 �m2 �m3, and principal
strain coordinates r1 � r2 � r3 [see Fig. 5(e) and (f)]. In the
global coordinates X1 �X2 �X3, the origin is positioned at
the center point of the bottom surface. The X1, X2, X3 axes are
set along with the length, width, and thickness directions of the
PneuNet, respectively. The local reference coordinates system

Fig. 6. Experimental validation using various constitutive models. (a) Com-
parison between the theoretical and experimental deformed shapes of the
3D-printed PneuNet using Gingiva Mask resin. (b) Comparison between the
experimental and theoretical deformed shapes using the Mooney–Rivlin model.

x1 � x2 � x3 changes with the deformation of the PneuNet and
coincides with the global coordinate at the undeformed state.
In the chamber orientation coordinates m1 �m2 �m3, the m1
axis rotates by angle � around them3 axis from thex1 axis. In the
principal strain coordinates r1 � r2 � r3, shear strains vanish.
The principal strain coordinates r1 � r2 � r3 can be obtained by
rotating r1 and r2 from x1 and x2 around x3 axis by an unknown
parameter �.

The principal strain at the r1 � r2 � r3 coordinates is defined
as

[�(r)] =

�

��
�(r)

11 0 0
0 �(r)

22 0
0 0 �(r)

33

�

�� (1)
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Fig. 7. Experimental validations with different �. Comparisons between the
experimental and theoretically predicted deformed shapes with (a) � = 30°,
(b) � = 45° and (c) � = 60°. VEAA material was used.

where �(r)
11 , �(r)

22 , and �(r)
33 are assumed to be

�(r)
11 = e11 + x3�1, �

(r)
22 = e22 + x3�2, and �(r)

33 = e33. (2)

The incompressible condition is satisfied by (e11 + 1)(e22 +
1)(e33 + 1) = 1. �1 and �2 are the principal curvatures along
the r1 and r2 axes, respectively.

In large-deformation continuum mechanics, the strain energy
density can be expressed in several mathematically equivalent
forms: (i) in terms of the principal stretches �i, where �i is
the ratio of the current length to the reference length along

Fig. 8. (a) Pitch and (b) curvatures as a function of applied pressure P .
(c) Pitch and (d) curvatures as a function of orientation angle � when P = 20
kPa. The experimental data (markers) are compared with the theoretical predic-
tions (solid curves). The material used in these experiments is VEAA.

Fig. 9. Experimental validation with varying � and multimaterial configura-
tion. (a) Theoretical and experimental deformed shapes of PneuNet with varying
�. The material used is VEAA. (b) Theoretical and experimental deformed
shapes of PneuNet printed with multimaterial combinations (VEAA and Gingiva
Mask) with � = 60°.
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Fig. 10. Comparisons of the theoretical (solid curve) and experimental shapes
of the spiral PneuNet with outer chambers. The spiral PneuNet is subjected to
negative pressure P ranging from 0 to �80 kPa. The material used is 65AT, and
the orientation angle � = 0°.

Fig. 11. Comparisons of the theoretical (solid curve) and experimental shapes
of the spiral PneuNet with inner chambers. The spiral PneuNet is subjected to
positive pressure P ranging from 0 to 80 kPa. The material used is 65AT, and
the orientation angle � = 0°.

Fig. 12. Comparisons of the theoretical (solid curve) and experimental shapes
of the spiral PneuNet with inner chambers. The spiral PneuNet is subjected to
positive pressure P ranging from 0 to 18 kPa. The material used is TEAA, and
the orientation angle � = 0°.

the ith principal direction; (ii) in terms of the invariants Ik
of the right Cauchy–Green tensor C = F�F , with I1 = tr(C),
I2 = [(tr C)2 � tr(C2)]/2, and I3 = det(C), where F is the
deformation gradient; or (iii) in terms of the invariants of the
Green–Lagrange strain tensor E = (C � I )/2. The most suit-
able form depends on the task. For relatively simple deformation
modes, a stretch- or strain-based form is more intuitive and
convenient. In our case, since the observed kinematics can
be decomposed into bending and elongation/contraction, we
adopt a stretch/strain-based representation. An invariant-based
formulation is often preferable for complex, spatially varying

Fig. 13. Comparisons of the theoretical (solid curve) and experimental shapes
of the spiral PneuNet with inner chambers. The PneuNet is subjected to negative
pressure P ranging from 0 to �25 kPa. The material used is TEAA, and the
orientation angle � = 30°.

Fig. 14. Inverse design of 3D-printed spiral PneuNets for trajectory matching.
Two representative examples are presented. (a), (d) Objective trajectories (blue
curves) and resulting deformations (red curves) using initial guessed param-
eters, showing significant deviations. (b), (e) Comparisons between objective
trajectories (blue curves) and trajectories predicted using the optimized design
parameters (green curves), demonstrating good agreement. (c), (f) Front and side
views comparisons of the objective trajectory and the experimentally deformed
shape.
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Fig. 15. Dynamic responses. (a) Experimental setup for dynamic testing.
(b) Orientation angle response under repeated sinusoidal input. (c)–(e) The
orientation angle response at three different time regions. (f) Hysteresis loops
across 400 cycles. (g) Step response curve.

Fig. 16. Force output and payload capacity. (a) Experimental setup for force
output measurement. (b) Output force as a function of input pressure. (c) Images
of the PneuNet lifting suspended loads. (d) Images of the PneuNet performing
grasping tasks with varying loads.

field (e.g., combined shear and stretch, wrinkling, or buckling),
as it is objective, coordinate-free, and more general.

The stretch components [�(x)] and [�(m)] at the (x1 � x2 �
x3) and (m1 �m2 �m3) coordinate systems can be obtained

Fig. 17. Wrapping experiments. (a), (b) The spiral PneuNets exhibit better
capability to wrap thin objects than the general PneuNets. The spiral PneuNet
can wrap (c) LED light, (d) papers (e) tweezers, and (f) syringe. (g), (h) A 3-D
printed octopus with six spiral PneuNets, which can simulate the wrapping and
movement behaviors of a real octopus.

using the coordinate transformation as

[�(x)] = [Q(x)]T [�(r)][Q(x)]
and

[�(m)] = [Q(m)]T [�(r)][Q(m)]
(3)

with the transformation matrix between the coordinates

Q(x) =

�

��
cos(��) �sin(��) 0
sin(��) cos(��) 0

0 0 1

�

��

and

Q(m) =

�

��
cos(� � �) �sin(� � �) 0
sin(� � �) cos(� � �) 0

0 0 1

�

�� .

(4)

B. Minimum Potential Energy Method

The potential energy � of the PneuNet consists of two parts:
the elastic energy and the work done by the applied pressure, as

� = n× (Wm �WF ). (5)

Here, n is the number of the chambers, Wm and WF are the
elastic energy stored and the work done by the applied pressure
in each chamber, respectively.
Wm is calculated by integrating the strain energy density

function Ws over the volume. Detailed calculations of Wm for
the generalized and spiral PneuNet are shown in Appendices A
and B. Ws with different forms are used in this work, including
the Mooney–Rivlin, Neo–Hookean, Ogden, Yeoh, and linear
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Fig. 18. Application prospects of the multifunctional spiral PneuNet. (a) A
catheter is 3-D printed on the spiral PneuNet. (b) The spiral PneuNet can transfer
liquid to another bottle. (c) The ionic hydrogel is injected into the cavity. After
curing, it can be used to sense the deformation direction. (d) A Wheatstone
bridge is used to amplify the voltage change. (e) The output voltage signal is
transmitted to AD620 for further amplification, and then input to Arduino to
control the lights. (f) When P > 0, the blue light turns ON; when P = 0, the
lights remain OFF; and when P < 0, the red light turns ON.

elastic models. The deformation is actuated by the pressure in
the chambers. Thus, the work done by the applied pressure is

WF = P ×�V (6)

where �V is the volume change. The detailed calculations of
WF are shown in the Appendices A and B for each type of
PneuNets.

C. Governing Equations

The total potential energy � can be summarized as a function
of the five variables �1, �2, e11, e22, and � :

� = �(�1, �2, e11, e22, �). (7)

The total potential energy reaches its minimum in a stable
state, which indicates

��
��1

= 0,
��
��2

= 0,
��
�e11

= 0,
��
�e22

= 0, and
��
��

= 0.

(8)

Combining (8) and the incompressible condition, the strain
variables can be obtained. The deformation state can then be
obtained (see Appendix E). In particular, the pitch Pt and radius

R of the helical structure can be written as [67]

Pt =

�����
2� (�1��2)sin2�

�2
1+�2

2+(�1��2)(�1+�2)cos2�

�����
and

R =

�����
�1+�2+(�1��2)cos2�

�2
1+�2

2+(�1��2)(�1+�2)sin2�

�����
.

(9)

IV. RESULTS

In this section, the generalized PneuNets with � = 60� were
first used to validate the theoretical model, with five different
constitutive models employed to predict their deformed shapes.
After this initial validation, the model’s material generality was
tested using generalized PneuNets made of another material
(VEAA) with � = 30�, 45�, and 60�. Subsequently, PneuNets
with varying � and multimaterial configurations were predicted.
Then, spiral PneuNets with initial curvatures were tested to
demonstrate the model’s applicability to more complex geome-
tries. After validation, inverse designs were conducted to obtain
the optimal parameters for a target curve. Finally, dynamic
behaviors were investigated.

A. 3D-Printed Generalized PneuNet Using Gingiva Mask

A 3D-printed PneuNet using Gingiva Mask with an ori-
entation angle of � = 60° was used to validate the the-
oretical model. The geometric parameters are W = 10 mm,
L = 69.77 mm, n = 6, t1 = 1.5 mm, t2 = 2 mm, t3 = 1.5 mm,
h1 = 1 mm, h2 = 3 mm, h3 = 9 mm, h4 = 1 mm, and h5 =
1 mm. Fig. 6 presents the comparison between the theoreti-
cal and experimental deformed shapes. The applied pressure
was 30 kPa. Various constitutive models, including Mooney–
Rivlin, Ogden, Neo–Hookean, Yeoh, and linear models were
employed. The material parameters are listed in Table I. The
corresponding predicted centerlines are shown in Fig. 6(a). No
fitting parameter is used. Obvious discrepancies can be observed
across different constitutive models. The Neo–Hookean and
Mooney–Rivlin models provide better predictions, achieving
coefficients of determination R2 of 0.975 and 0.963, respec-
tively. The Yeoh and Ogden models predict the deformation
inaccurately, with R2 values of 0.461 and 0.582. As for the
linear model, the prediction deviates significantly, with R2 =
0.017. The linear model overestimates the modulus and there-
fore predicts less deformation under the same applied pres-
sure. The comparisons between the experimental and theoretical
deformed shapes using Mooney–Rivlin model are shown in
Fig. 6(b).

The computational times are listed in the final column of
Table I. The program was executed in Mathematica on a desk-
top equipped with a 13th Gen Intel(R) Core(TM) i7-13700KF
processor. It is worth noting that if analytical solutions to (8) are
derived in advance—which is feasible for certain constitutive
models—the computation time can be significantly reduced.
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B. 3D-Printed Generalized PneuNet Using VEAA

PneuNets were 3-D printed using another material VEAA
and their deformations were compared with those predicted
by the theoretical model. Fig. 7 presents the comparison be-
tween the experimental and theoretically predicted deformed
shapes of the PneuNet across three different orientation an-
gles: � = 30°, 45° and 60°. The width and height parame-
ters are consistent, with W = 10mm, h1 = 1mm, h2 = 3mm,
h3 = 9mm, h4 = 1mm, and h5 = 1mm. To better arrange
chambers and ensure reasonable spacing and cavity at dif-
ferent angles, case-specific geometries of chambers are de-
signed. For � = 30�, L = 68.5mm, n = 9, t1 = 0.75mm, t2 =
1.25mm, and t3 = 0.75mm. For � = 45�,L = 67mm, n = 14,
t1 = 0.5mm, t2 = 0.75mm, and t3 = 0.75mm. For � = 60�,
L = 66.8mm, n = 15, t1 = 0.5mm, t2 = 0.75mm, and t3 =
0.75mm. The applied air pressure P ranged from 10 to 50 kPa
for � = 30°, 5 to 25 kPa for � = 45° and 10 to 50 kPa for
� = 60°.

The theoretically predicted shapes show strong agreement
with the experimental results. The R2 between the experimental
and theoretical centerlines of the PneuNets with maximum P
in Fig. 7 are 0.9797, 0.9801, 0.9938, respectively. Fig. 8(a)
and (b) compares the theoretical and experimental pitch Pt and
curvature � on the applied pressureP for PneuNets with the four
orientation angles. As P increases, � increases and Pt decreases
monotonically. Fig. 8(c) and (d) illustrates the variation of Pt
and� for different orientation angle �. As � increases,Pt initially
increases, reaching its maximum at � = 85° before dropping to
0 at � = 90°. � increases from 13.2 m�1 at � = 0°, reaches its
maximum 31.5 m�1 at � = 42° and then decrease to 0.64 m�1

at � = 90°.

C. Generalized PneuNet With Changing Chamber Angle and
Multimaterial Configuration

In addition to constant chamber angles, PneuNet with varying
chamber angles was also tested [see Fig. 9(a)]. The orientation
angles of the chambers change from 30° to 75°. In the theoret-
ical modeling, the deformation of each segment is calculated
independently. The overall deformed shape is then assembled
by connecting all segment using coordinate transformation. As
shown in Fig. 9(a), the deformations predicted by theoretical
model match well with the experimental results. Fig. 9(b) shows
the front and side views of a multimaterial PneuNet. The base
of the structure, and the upper section of the chamber was 3-D
printed using VEAA, while the lower section of the chambers
was 3-D printed using Gingiva Mask resin. The orientation
angle � = 60°. Experiments were conducted to assess the per-
formance of this multimaterial PneuNet, and the results were
compared with theoretical predictions. The R2 between the
experimental and theoretical centerlines of the PneuNets with
maximum P in Fig. 9 are 0.9829 and 0.9703. The theoretical
model matches well with the experimental data, demonstrat-
ing its accuracy in predicting the behavior of multimaterial
PneuNets.

D. 3D-Printed Spiral PneuNet

Fig. 10 shows the comparisons between the theoretically pre-
dicted and experimentally observed shapes of a spiral PneuNet
with outer chambers under varying negative pressure P from
0 to �80 kPa. The material used was 65AT. The geometrical
parameters are � = 0�, a = 1.6 mm, � is from 1.2� to 24. Due to
the complex structure of the spiral PneuNet, only the centerline
was depicted in the theoretical results for clarity. As the negative
pressure increases, the spiral shape gradually unfolds.

Similarly, Fig. 11 presents the theoretical and experimental
shapes of a spiral PneuNet, but with inner chambers subjected
to positive pressure P ranging from 0 to 80 kPa. As pressure
was applied, the inner chambers expand, leading to a progressive
unfolding of the spiral shape. This unfolding is characterized by
a simultaneous increase in the spiral PneuNet’s overall length
and a decrease in curvature, particularly at the outermost coils.

Fig. 12 illustrates the comparison between the theoretically
predicted and experimentally observed shapes of a spiral Pne-
uNet. The spiral PneuNet was fabricated with a softer material
(TEAA) and featuring inner chambers. The deformation of the
PneuNet under positiveP ranging from 0 to 18 kPa is presented.
The theoretical centerline is depicted for comparison.

It can be observed that, due to the use of a softer mate-
rial, the spiral PneuNet exhibits a relatively larger deformation
compared to stiffer PneuNets. As pressure increases, the inner
chambers expand, leading to a larger and gradual unfolding
of the spiral shape (Movie S2, Supporting Information). This
increased deformation is also evident in the agreement between
the theoretical predictions and experimental observations.

Spiral PneuNet with orientation angle � = 30° was also 3-D
printed. The geometrical parameters are � = 0�, a = 1.6 mm, �
is from 2� to 14. Fig. 13 shows the deformed shapes with inner
chambers under negative pressureP ranging from 0 to�25 kPa.
Unlike typical PneuNets, the spiral PneuNet exhibits a helical
deformation with variable curvatures along its length (Movie
S2, Supporting Information). The unique initial spiral structure,
combined with the high stretchability of the soft materials used,
enables the PneuNet to form three complete turns during defor-
mation. This multiturn helical deformation with variable curva-
ture results from the combination of the initial spiral geometry
and the anisotropic expansion of the inner chambers. The R2

between the experimental and theoretical centerlines of the spiral
PneuNets with maximum P in Figs. 10–13 are 0.9980, 0.9987,
0.9937, and 0.9923, respectively.

E. Inverse Design

The validated nonlinear model is used for inverse de-
sign to achieve desired spatial deformations for targeted soft
robotic functionalities, such as precision grasping or trajectory-
following. The process involves the following steps.

1) Specification of Objective Trajectory: A 3-D spatial curve
is defined.

2) Initialization: Estimated geometric parameters are used as
initial guesses.
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3) Optimization: A constrained nonlinear optimization is
performed using MATLAB’s fmincon function. The ob-
jective function is defined as the summation of the distance
square between the objective points to the theoretical
calculated curve. The PneuNet is discretized into three
segments with individual segment lengths Li, chamber
orientation angles �i (for i = 1 to 3), and the applied
pressure P . This results in seven optimization parame-
ters. Constraints are imposed to ensure physically feasible
geometries.

4) Fabrication and Validation: The optimized PneuNet is
fabricated via 3-D printing and actuated at the optimized
pressure. The resulting deformation is compared against
the target trajectory.

Two examples are demonstrated as shown in Fig. 14. In
the first case, a complex 3-D trajectory of length 170 mm is
targeted. The initial guess exhibits significant deviation from
the desired path [see Fig. 14(a)]. After optimization, the re-
sulting parameters yield a trajectory that closely follows the
objective curve [see Fig. 14(b)]. The optimized parameters are:
L1 = 87.5 mm, L2 = 51.6 mm, L3 = 42.1 mm, �1 = 74.6�,
�2 = 12.6�, and �3 = 43.3�, and P = 46.1 kPa. The fabricated
PneuNet deforms in close agreement with the model prediction,
as shown in both front and side views [see Fig. 14(c)]. The second
case follows the same design procedure for a different spatial
curve. The optimized parameters are:L1 = 83.6mm,L2 = 53.6
mm, L3 = 35.5 mm, �1 = 47.9�, �2 = 16.6�, and �3 = 49.0�,
and P = 31.9 kPa. Again, agreement is observed between the
optimized trajectory, theoretical prediction, and experimental
deformation [see Fig. 14(d)–(f)].

F. Dynamic Response

The durability, hysteresis, and dynamic response of the Pne-
uNet was evaluated. The platform consists of a pneumatic
cabinet controlled via MATLAB/dSPACE and a dual-camera
(MERCURY2, Da Heng Imaging) setup for 3-D motion capture
[see Fig. 15(a)]. The PneuNet was marked with four visual
tracking points to extract the bending angle and motion trajectory
using the motion capture software Kinovea.

A sinusoidal pressure input was applied of the form Pr =
A
2 sin(2�ft� �

2 ) +
A
2 , with A = 20 kPa and frequency f =

0.1 Hz. A PneuNet with circular cross-section was taken as
an example. The change of orientation angle at the end over
time is shown in Fig. 15(b). Fig. 15(c)–(e) shows the behaviors
at three different regions. After approximately 9660 s (966
cycles), a minor crack appeared at the distal end. As seen in
Fig. 15(d)–(e), although the peak angle slightly decreased, the
PneuNet continued to function, following the sinusoidal trend.
This demonstrates that the PneuNet retains operational capacity
even with minor structural damage, provided the input pressure
remains below the crack-propagation threshold.

The hysteresis behavior was assessed over 400 cycles of
sinusoidal excitation. As shown in Fig. 15(f), the pressure–angle
hysteresis loop remained stable with negligible drift, suggest-
ing excellent mechanical consistency and low material fatigue.
Minor fluctuations at low pressures are likely due to initial
material settling or slight variations in loading conditions. The

response speed was also evaluated by applying a step pressure
of 20 kPa at t = 5 s. The orientation angle rose sharply with a
delay of approximately 0.4 s, followed by a slight overshoot and
stabilization within 1 s.

G. Force Output and Payload Capacity

Both force output and payload capacity tests were con-
ducted. A testing platform was built to test the output force
[see Fig. 16(a)], where a force sensor is placed near the Pne-
uNet and the other end is connected to the air pump. The
output force generated at the tip was measured under vary-
ing positive input pressures. As illustrated in Fig. 16(b), the
output force increases approximately linearly with pressure,
reaching a maximum value of 70 mN at an input pressure of
20 kPa.

The payload capacity was evaluated under two common
conditions: suspended payload [see Fig. 16(c)] and grasped
payload [see Fig. 16(d)], both conducted at P = �30 kPa. In
the suspension test, a cap was hung from the tip using a string.
As the weight increased incrementally, the actuator’s curvature
progressively decreased. The maximum payload before reaching
a nearly initial configuration was 11 g, beyond which structural
instability may occur. In the grasping test, the PneuNet was used
to wrap the cap directly. The PneuNet maintained contact until
the weight exceeded 10 g, at which point the object began to
slip. Therefore, 10 g is also considered the maximum grasping
payload under this configuration.

V. APPLICATIONS

The unique geometry allows the PneuNet to securely wrap
around objects (see Fig. 17). Wrapping experiments were con-
ducted using various objects, including an LED light, a piece of
paper, tweezers, and a syringe (Movie S3, Supporting Informa-
tion). Unlike point-contact grasping, wrapping is an enveloping
grasp strategy in which the actuator curls around the object
to maximize surface contact and enhance grasp stability. The
spiral PneuNet was further used as a tentacle [see Fig. 17(g)].
The structure consisted of a central body and six 3D-printed
spiral PneuNet tentacles. Each tentacle was independently con-
trollable, allowing for complex movements and interactions.
The tentacles utilized their spiral helical deformation to grasp
objects, allowing the entire body of the octopus model to be
pulled, thereby simulating the movement and behavior of a real
octopus (Movie S4, Supporting Information).

Fig. 18 illustrates the multifunctionality and potential appli-
cations of the spiral PneuNet. Using 3D printing technology, an
additional catheter has been integrated into the spiral PneuNet,
enhancing its capabilities. This catheter can serve as a reservoir
for water or act as a soft sensor. The spiral PneuNet’s ability
to unfold and function as a fluidic device is demonstrated in
Fig. 18(b). The PneuNet successfully sucked ink from one bottle
and stores it within the catheter. The ink can then be transferred to
another bottle, mimicking the fluid transfer mechanism similar
to a butterfly’s proboscis (Movie S4, Supporting Information).
This showcases the PneuNet’s potential for applications in fluid
transferring.
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TABLE II
COMPUTATIONAL COST AND ACCURACY OF REPRESENTATIVE MODELS

TABLE III
COMPARISON OF THE PNEUNET HARDWARE BETWEEN PREVIOUS (SEE [67], [68]) AND THIS WORK

TABLE IV
THE SIMILARITIES AND DIFFERENCES BETWEEN THE PREVIOUS MODEL (SEE [67], [68]) AND THE CURRENT MODEL

Fig. 19. FE simulation. (a) The strain distribution of a deformed PnueNet.
(b) Histogram of strain distribution. The blue dashed line marks the strain of 5%
.

The PneuNet was further used as an integrated soft actuator
and sensor [see Fig. 18(c)]. By filling the catheter with conduc-
tive AAm hydrogel precursor followed by UV curing, the spiral

Fig. 20. Deformation of the cross-section. (a), (d) Experimental cross-
sectional views of the 3D-printed PneuNet. (b), (e) The predict shape using
nonlinear model. (c), (f) The predict shape using the linear model.

PneuNet can detect its deformation by monitoring changes in
electrical resistance. The conductive ink acted as a strain gauge
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along the centerline of the PneuNet. The Wheatstone bridge
circuit was introduced to capture the small resistance change
[see Fig. 18(d)]. The resistance of the hydrogel Rgel ranging from
22.7 to 23.3 k� upon deformation. The resistance R1, R2, and
R3 were fixed at 22 k�. The output voltage Vout was amplified by
the AD620 amplifier. The amplified signal (ranging from 1.6 to
3.7 V) was processed by Arduino, which controls the activation
of LEDs through relays [see Fig. 18(e)]. A red LED lighted
up when the PneuNet stretches (signal above 3 V), while a blue
LED lighted up when it contracts (signal under 2.8 V) [Fig. 18(f);
Movie S4, Supporting Information]. This setup demonstrates the
PneuNet’s potential for real-time sensing and feedback control
in soft robotic applications.

VI. DISCUSSIONS

In the previous work, where the linear elastic model was
employed, the following assumptions for the principal strain
were made: �(r)

11 = e11 + x3�1, �(r)
22 = e22 + x3�2, and �(r)

33 =
e33 + x3q [68]. This assumption works well for linear elasticity,
but fails if the nonlinear constitutive model is considered. In this
work, the assumption of the principle strains �(r)

11 and �(r)
22 remain

the same, but the principle strain in the thickness direction �(r)
33 is

assumed to be constant, i.e., �(r)
33 = e33 and the incompressible

conditions (e11 + 1)(e22 + 1)(e33 + 1) = 1 is used. Using this
new assumption, the finite deformation of the PneuNet can be
solved.

Several limitations remain. First, the current model assumes
quasi-static conditions and does not account for dynamic effects
such as inertia, damping, or time-dependent material behavior.
Second, although the model supports various elastic constitu-
tive models, it does not yet incorporate hysteresis or plastic
deformation, which are common in 3D-printed elastomers.
Third, the model cannot accurately capture deformation due to
point forces. Fourth, the approach relies on idealized geometric
representations, and discrepancies due to manufacturing imper-
fections or multimaterial interfacial effects are not explicitly
modeled. In future work, we plan to extend the model to incor-
porate dynamic behaviors and viscoelastic material responses,
and improve the computation efficiency to support real-time
applications. Furthermore, integrating data-driven correction
terms based on experimental feedback may enhance the model’s
predictive capability in complex, unstructured environments.
Additional unexplored areas include applying this framework
to inverse design problems under functional constraints and
exploring multiphysics integration with embedded sensing and
actuation elements.

Table II shows a concise quantitative comparison between
the developed model and representative Cosserat-based and
pseudorigid body models. Cosserat rod theory can achieve very
high accuracy, with tip position errors often below 1% of the
structure’s length [48], [56]. Optimized implementations can
run in second-level time for simplified cases, particularly in
static or low-degree-of-freedom dynamic simulations. However,
for complex geometries, the computation time increases sig-
nificantly. For instance, geometrically exact inverse kinematic
control on soft manipulators with helical routing can require

over 160 s for a single configuration update to maintain sub-
percent accuracy [48]. Pseudorigid body models offer faster
performance, achieving tip position errors of approximately
3.5% of the arm length in under 1 s. By comparison, the min-
imal potential energy method in this work computes a solution
in a few seconds while maintaining high accuracy (with R2

up to 0.975). Since the theoretical model provides an explicit
relationship between deformation, geometry, and actuation pa-
rameters, its computational cost increases almost linearly with
the number of segments, while remaining insensitive to the
overall size of the soft actuator. The current computation time,
on the order of seconds, is still insufficient for direct real-time
control. However, by constructing a surrogate model based on
the proposed analytical framework, the computation can be
further accelerated, enabling its potential use in real-time control
applications.

VII. CONCLUSION

In this work, we have developed a general nonlinear frame-
work to predict the finite helical deformation of 3D-printed
PneuNet structures. Due to the use of soft material, the Pne-
uNet exhibit finite deformation. The hyperelastic constitutive
equations are incorporated into the framework. The results
demonstrate that the theoretical model is general across different
constitutive models and can accurately predict the deformed
shapes. The multifunctionality of 3D-printed PneuNet structures
are demonstrated. Wrapping tests are performed, showcasing
the spiral PneuNet’s ability to effectively wrap objects. An
octopus-like structure is designed capable of mimicking the
wrapping and movement of a real octopus. In addition, a catheter
is integrated along the centerline of the PneuNet, enabling mul-
tifunctional capabilities such as fluid handling and soft sensing.
By incorporating soft sensors, the PneuNet can detect elongation
and contraction along the centerline. This work presents a gen-
eral nonlinear framework for 3D-printed PneuNets and demon-
strates their potential applications with material and structural
design.

The comparisons of the PneuNet hardware and the theo-
retical model between the previous (see [67], [68]) and this
work are shown in Tables III and IV, respectively. The pro-
posed theoretical model is generalized in terms of material
types, cross-sectional geometry, and actuation methods, making
it applicable to a variety of scenarios. Its compatibility with
several constitutive models has been demonstrated, including
the Mooney–Rivlin, Ogden, Neo-Hookean, and Yeoh models.
Since the model is based on the principle of minimum poten-
tial energy, it naturally accommodates geometric variations in
cross-sections and is not limited to pneumatic actuation. As
long as the work done by the external force can be formulated,
the framework remains applicable. This generality enables its
application to a wide range of soft actuators, including scaffold-
reinforced, tendon-driven. Therefore, beyond PneuNets, the
model has strong potentials for applications such as inverse
design of continuum arms for minimally invasive surgery, and
soft exploratory robots operating in pipelines, where accurate
shape prediction and nonlinear deformation is essential. The
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proposed analytical model can be integrated into both the design
and control of soft robots. Since it establishes an explicit relation-
ship between deformation, geometry, and actuation parameters,
the deformation can be predicted by varying these parameters.
Through inverse optimization based on the theoretical model,
optimal designs can be achieved. Moreover, when combined
with control algorithms, the model can serve as a forward
or feedback model for model-based control. Future work will
focus on improving computational efficiency to enable real-time
implementation.

VII. DATA AVAILABILITY

The Mathematica code of the deformation for the PneuNet is
available at https://github.com/Wang-s-Lab/PneuNet.git.

APPENDIX A
CALCULATION OF ELASTIC ENERGY AND POTENTIAL ENERGY

OF THE SPIRAL PNEUNET

The spiral PneuNets are designed with variable curvatures.
The spiral PneuNets consists of n segments. The curvature �(i)

of the ith segment is designed as

�(i) =
1

R(0)
a + (R(n)

a �R(0)
a

i�1
n )

(10)

where R(0)
a is the radius of the tentacle’s end top and R(n)

a for
another top [see Fig. 5(a)]. For the spiral PneuNets printed using
material 65AT, R(0)

a = 6.0 mm, R(n)
a = 24.0 mm. For the spiral

PneuNets printed using material TEAA, R(0)
a = 6.5 mm, R(n)

a
= 35.2 mm.

The geometric parameters of the cross-section of the spiral
PneuNets are shown in Fig. 5(b). The cross-section is symmetric
about the green dash line. The stored energy in the left half side
can be divided into four parts (W 1

s ,W 2
s ,W 3

s ,W 4
s ). Thus, the

elastic energy Wm can then be calculated as

Wm = 2(W 1
s �W 2

s +W 3
s �W 4

s ). (11)

By integrating the strain energy density function per unit
volume Ws over the cross-section, it can be obtained that

W 1
s =

	 r0

�r0

Ws



r2

0 � x2
3(1 + x3�0)w1 dx3 (12)

W 2
s =

	 ri

�ri

Ws



r2
i � x2

3(1 + x3�0)(w1 � 2t) dx3 (13)

W 3
s =

	 0

�r0

Ws



r2

0 � x2
3(1 + x3�0)w2 dx3 (14)

W 4
s =

	 �t

�ri

Ws



r2
i � x2

3(1 + x3�0)(w2 + 2t) dx3 (15)

where ri and r0 are the inner and outer radii of the cross-section,
respectively. t and �0 are the wall thickness and the initial bend-
ing curvature, respectively. w1 and w2 are shown in Fig. 5(b).
By substituting (12)–(15) into (11), Wm can be calculated.

The work done by the force is calculated. The potential energy
of force WF in a single chamber can be calculated by

WF =
	 ri

0
�11



r2
i � x2

3(1 + x3�0)(w1 � 2t) dx3. (16)

APPENDIX B
CALCULATION OF ELASTIC ENERGY AND POTENTIAL ENERGY

OF THE GENERALIZED PNEUNET

The elastic energy is calculated by integrating the en-
ergy density Ws over the volume of four parts, expressed
by

Wm = Wm1 +Wm2 +Wm3 +Wm4 (17)

where Wm1,Wm2,Wm3,Wm4 are the elastic energy stored
in Part 1, Part 2, Part 3, and Part 4, respectively, calculated
by

�
���


����

Wm1 =
� h4

0 2w(t1 + t2 + t3)Ws dx3

Wm2 =
� h3+h4+h5
h3+h4

2w(t1 + t2)Ws dx3

Wm3 =
� h2+h3+h4
h3+h4+h5

2wt2Ws dx3

Wm4 =
� h1+h2+h3+h4
h2+h3+h4

2w(t2 + t3)Ws dx3

(18)

where w is the internal width of the chamber, t1, t2, t3 and
h1, h2, h3, h4, h5 are partitioned as shown in Fig. 5(d). Ws is the
strain energy density function per unit volume. Several strain
energy density functions are used in this work, including the
Mooney–Rivlin, Neo–Hookean Ogden, Yeoh and linear elastic
models.

The work done by the force is calculated. The deformation is
actuated by the pressure in the chambers. The length change
of the chambers in the length direction is 2t3�

(m)
22 , with the

height and width of chambers to be h3 and w/sin�, respec-
tively. The volume change can be obtained by �V = h3 ×
w

sin� × 2t3�
(m)
22 . Thus, the work done by the applied pressure

is

WF =P×�V =
2Ph3wt3

sin�

�
�(r)

11 sin2(���)+�(r)
22 cos2(���)

�
.

(19)

APPENDIX C
STRAIN DISTRIBUTION IN FE SIMULATIONS

FE simulations have been conducted to calculate the strain
distribution [see Fig. 19(a)]. The applied pressure is 30 kPa.
The orientation angle is 45�. The output consists of the
strain components LE11, LE22, LE33, LE12, LE13, and LE23
at each node. The total strain at each node is calculated as
follows:

	total =



LE2
11+LE2

22+LE2
33+2 (LE2

12+LE2
13+LE2

23).
(20)

The strain is mainly concentrated within 5% –35% [see
Fig. 19(b)]. The maximum strain is around 130.6% . It can be
seen that the local strain is generally larger than 5% . Therefore,
the nonlinearity cannot be neglected.
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APPENDIX D
CROSS-SECTION PREDICTION

In addition to accurately predicting deformation along the
centerline, the model successfully captures cross-sectional
deformation. The comparison of the deformed shapes predicted
using the linear and nonlinear model are shown (see Fig. 20). The
experiment clearly shows that the widthwise bending is better
captured by the nonlinear (Mooney–Rivlin) model. In addition,
incompressibility constraints have been incorporated to more
accurately reflect the general behavior of soft materials.

APPENDIX E
RECONSTRUCTION OF THE DEFORMED CENTERLINE

The reconstructed deformed centerline is shown below. Let
�1 and �2 denote the curvatures along the r1 and r2 axes,
respectively; each curvature is obtained by combining the
changes calculated from (8) with the corresponding initial cur-
vature. In a helical segment, the relation between the (r1, r2, r3)
coordinate and the bending curvature can be obtained by their
definition

dr1

ds
= �r3�1 cos�,

dr2

ds
= �r3�2 sin�. (21)

By differentiating the relation r3 = r1 × r2 with s and substi-
tuting the above two equations, we can arrive at a second-order
differential equation of r3 as

d2r3

ds2 = �
�
�2

1 cos
2 �+ �2

2 sin
2 �

�
r3. (22)

This equation can be solved with the initial orientation: at
s = 0

(r1, r2, r3)=(X1 cos�+X2 sin�, �X1 sin�+X2 cos�,X3).
(23)

r3 can then be solved as

r3 =
�


�
sin�s

�
X1 �

� �
�
sin�s

�
X2 + (cos�s)X3 (24)

where �=



�2
1 cos2 �+ �2

2 sin
2 �, 
=�1 cos2 �+�2 sin2 �,

� = (�2 � �1) sin� cos�.
By substituting (24) into (21), r1 and r2 can be obtained.

According to coordinate transformation, the relation between
r1-r2 basis and x1 basis is

x1 = r1 cos�� r2 sin�. (25)

As x1 represents the tangent direction of the centerline

dP
ds

= x1 (26)

By integrating (26), the coordinate P can be obtained.
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