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Kinetostatic Modeling and Position-Orientation
Control of Bellow-Shaped Soft
Continuum Robots

Yu Rong

Abstract—Bellow-shaped soft continuum robots with
parallel mechanisms feature an excellent balance between
structural stiffness and contact compliance, making them
highly promising in various applications. However, their
complex structures and nonlinear elastic characteristics
pose significant challenges in modeling and control. In
this work, we propose a kinetostatic model and a corre-
sponding position-orientation controller for bellow-shaped
soft continuum robots. First, bellow-shaped soft actuators
are simplified into hyperelastic cylinder soft actuators with
mechanical equivalence. In addition, the overall deforma-
tion is decoupled into elongation and bending components
to enhance computational efficiency. Based on these two
simplifying strategies, the kinetostatic model is developed
with absolute nodal coordinate formulation theory. Then,
forward and inverse kinetostatic mappings are defined,
and the numerical solution algorithm is presented. Finally,
the developed model is experimentally validated through
configuration simulation and feedforward trajectory track-
ing. Experimental results demonstrate that the developed
model achieves low prediction errors, with configuration
simulation errors of 3.43%. Furthermore, with the model-
based feedforward controller, a two-segment soft contin-
uum robot can accurately follow desired trajectories with
specified bending angles, achieving average position and
angle errors of 4.14 mm and 1.58°, respectively.

Index Terms—Absolute nodal coordinate formulation
(ANCF), kinetostatic model, position and orientation
control, soft continuum robot.
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[. INTRODUCTION

NEUMATIC soft continuum robots made from low-

modulus materials feature light weight, low inertia, high
flexibility, and superior compliance compared to rigid-bodied
robots [1], [2]. These advantages contribute to their extensive
applications in various fields, such as assistive rehabilitation
devices [3], [4], [5], [6], [7]; environment exploration [8], [9];
and minimally invasive surgery [10]. However, the inherent
compliance also results in issues of low stiffness and limited
load capacity.

To increase the stiffness without compromising compliance,
several strategies have been explored. Inspired by rigid paral-
lel robots, parallel mechanisms are introduced to design soft
continuum robots [11], [12]. By connecting multiple slender
soft actuators between a base and a platform, the aspect ratio
of soft continuum robots is reduced, thereby improving the
structural stiffness. In addition, bellow-shaped soft actuators
made from high-modulus materials have been employed to
further increase stiffness [13]. However, the closed kinematic
chains and complex deformation of retractable folds both present
significant challenges in modeling and controlling, particularly
in scenarios where simplified models and feedback controllers
are impractical [14], [15], [16], [17].

Considering complex structures and designs of bellow-shaped
soft continuum robots, finite element method (FEM) is the
mostly widespread modeling method [18], [19]. In FEM, soft
continuum robots are discretized into numerous elements, result-
ing in high-dimensional motion equations. This characteristic
inherently increases the computational burden and the time
required to achieve a converged solution. Furthermore, most
degrees of freedom in an FEM-based model are redundant for
control tasks. Therefore, it is challenging to design efficient
controllers with FEM-based models.

To improve the computational efficiency, various geometrical
models have been proposed. These models focus solely on
describing deformed backbones of soft continuum robots. Based
on this simplification approach, deformed backbones are then
parameterized by geometrical curves, such as piecewise constant
curvature (PCC) arcs [20], [21], Euler spiral curves [22], and
Pythagorean hodograph curves [23]. However, PCC models are
primarily kinematic and do not account for external forces,
leading to limited applications. Although variable curvature
models achieve high tracking accuracy with low computational
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cost [23], they are generally designed for single-segment soft
continuum robots, which exhibit restricted workspace and flex-
ibility. Nevertheless, such geometrical model is only valid for
a specific class of soft continuum robots under certain working
conditions. Moreover, geometrical models are primarily kine-
matic models without considering external forces, limiting the
realistic applications.

Besides geometrical models, continuum mechanics models
are also proposed to simulate and control soft continuum robots.
According to applied kinematic models, continuum mechanics
models can be classified into continuous models and discrete
models. For continuous models, Cosserat rod models [24],
Euler-Bernoulli beam models [25], and Kirchhoff beam mod-
els [26] are representative examples. Various discretization al-
gorithms, such as the Ritz method [27], [28], are employed
to calculate the controlling pressure based on these models.
The implementation of continuous models normally relies on
assumptions of rigid cross-sections, linear elastic relations, and
analytical equations of actuation forces. However, for bellow-
shaped soft robots, cross-sectional shapes inevitably change
during the deformation process, and force-displacement rela-
tionships are typically nonlinear. These facts greatly limit the
application of continuous models in modeling and controlling
bellow-shaped soft continuum robots.

Alternatively, the ANCF model, as a representative discrete
model, has recently emerged for modeling soft robots. ANCF
models discretize soft continuum robots into several elements.
The displacement strain field of each element is parameterized
by the global positions and the position gradients of nodes [29],
[30]. In our previous work, we have used the ANCF model
for modeling and controlling soft parallel robots with high
computational efficiency [11]. However, this method requires
the explicit equation of actuation forces and constant structural
stiffness, which are unavailable for modeling and controlling
bellow-shaped soft robots.

In this article, we extend the ANCF model for the kinetostatic
model of bellow-shaped soft continuum robots, which considers
the nonlinear elasticity and avoids the explicit equation of actu-
ation forces. To this end, bellow-shaped soft actuators are first
simplified into hyperelastic cylinder soft actuators with equiv-
alent mechanical parameters. Then, the overall configuration
deformation is divided into the elongation deformation and the
bending deformation. With these two simplifying approaches,
the kinetostatic model is developed based on the ANCEF theory.
Afterwards, the mappings between the actuator space and the
configuration space are established using the kinetostatic model.
To determine equivalent mechanical parameters, a series of pa-
rameter identification experiments are designed and conducted.
Finally, the developed model is experimentally validated through
configuration simulation and feedforward trajectory tracking
control. Experimental results show that the kinetostatic model
accurately predicts deformed configurations with different loads
and vertical stiffness with different actuation pressures. More-
over, the simultaneous control of the end position and the orien-
tation is realized with the developed model.

The contributions of this work are summarized as follows.

1) We propose a kinetostatic model for bellow-shaped soft
continuum robots based on the ANCF theory. Two
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theoretical modifications are introduced to make ANCF
theory feasible for modeling bellow-shaped soft robots.

2) We define the forward and inverse kinetostatic problems.
Then, the mathematical equations are presented, and their
numerical algorithms are developed.

3) We apply the developed model for configuration simu-
lation and feedforward trajectory tracking. Experimen-
tal results well demonstrate the advancements of the
developed model.

The rest of this article is organized as follows. In Section II,
the design and fabrication of the bellow-shaped soft contin-
uum robot are introduced. Section III presents the kinetostatic
model based on the ANCF theory. In Section 1V, the forward
and inverse kinetostatic problems are defined, and then the
numerical calculation algorithm is developed. Sections V and
VI present parameter identification experiments and validation
experiments, respectively. Finally, Section VII concludes this
article.

[I. DESIGN AND FABRICATION

In this section, the design and fabrication process of a one-
segment soft continuum robot are presented. As illustrated in
Fig. 1(a), the fabrication process involves two steps.

Step 1: The bellow-shaped soft actuators are fabricated by the
vacuum casting method with the hyperelastic material DPI8400
(Shore 50 A). Then, the bellow-shaped soft actuator is sealed
with two resin caps using silicon adhesive (Sil-Poxy, Smooth-on,
USA).

Step 2: Three soft actuators are evenly distributed around
the central axis, and their ends are fixed on two base plates.
Then, two resin caps and soft actuators are bonded together to
provide support for soft actuators, making them less prone to
elastic instability. Meanwhile, this approach can prevent bulking
and collisions of soft actuators by localizing deformation to
the unbonded parts of soft actuators. Therefore, modeling and
control accuracy are enhanced.

The geometric dimensions of the bellow-shaped actuator are
shown in Fig. 1(b). Each soft actuator can be actuated by either
positive or negative pressure. By varying the combination of
actuation pressures, the one-segment soft continuum robot can
exhibit elongation, contraction, and bending deformation.

[ll. KINETOSTATIC MODEL

In this section, modeling simplifications and assumptions of a
soft actuator are first introduced. Then, ANCF-based kinematics
of a variable curvature soft actuator is presented. Based on this
configuration parameterization method, the kinetostatic model
is derived. Moreover, boundary conditions are also introduced
and mathematically expressed. Finally, explicit model equations
comprising both the kinetostatic model and boundary conditions
are derived.

A. Modeling Simplification

First, a bellow-shaped soft actuator is simplified as a
hyperelastic cylinder soft actuator [as shown in Fig. 2(a)]. To
guarantee the model accuracy, the cylinder soft actuator should
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Stepl: Assemble of Soft Actuators

(a

Fig. 1.

Step2: Assemble of One-Segment Robot

(b)

Fabrication and design of the one-segment soft continuum robot. (a) Fabrication process of one segment soft continuum robot. Step 1: The

bellow-shaped actuator is sealed by two resin caps. Step 2: Three soft actuators, two bases, and two constraints are assembled into a one-segment
soft continuum robot. (b) Geometric dimension of the bellow-shaped actuator (Unit: mm).

Vertical View

Mechanical
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——
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Fig. 2. (a) Bellow-shape actuator is mechanically equivalent to a hy-
perelastic cylinder soft actuator with three equivalent parameters (i.e.,
the nonlinear structural stiffness k(1), the effective actuation diameter

Det, and the cross-sectional diameter D, ). (b) Schematic illustration of
the distribution of bending forces.

Structural Stiffness. k(1)

(2) (b)

be mechanically equivalent to the bellow-shaped soft actuator.
Therefore, three equivalent mechanical parameters (i.e., the
nonlinear structural stiffness k()) related to the stretch ratio
A, the effective actuation diameter D.g, and the cross-sectional
diameter D,,) are used. Furthermore, the tensile stiffness %; and
the bending stiffness k;, can be expressed by these equivalent
mechanical parameters.

For a soft actuator with an undeformed length [y, the structural
stiffness k(1), and the tensile stiffness k; are defined by

A Al

F
Al,— = —
Tk o
where F} and Al are the tensile force and the length change, re-
spectively. Then, the tensile stiffness and the structural stiffness
satisfy

F, (D

ke = k(1) lo. 2)

The relation between the bending stiffness k; and equivalent me-
chanical parameters can be derived by considering the moment
balance on an infinitesimal slice of the soft actuator. For the slice
with the undeformed length §l, the strain ratio and the bending
angle are denoted as A and d«, respectively. The definition of

the bending stiffness is given by M /k;, = dc/dl, where M and
0l are the moment and the deformedlength, respectively. As
illustrated in Fig. 2(b), the moment M can be calculated by
(see Supplementary Material for further details)

2
M= [ F22 g — Dalork () oo 3)
oC 2 8 6l
Thus, the bending stiffness k; can be written as
5L D2lgrk (A
by =M< = %() )

Except for the mechanical simplification, we also make follow-
ing assumptions to further facilitate the modeling process.

1) The length and radial dimensions of the bellow-shaped
soft actuator are approximately constant when the actua-
tion pressure remains constant. It implies that the volume
of the soft actuator’s chamber stays nearly constant.

2) The effective actuation diameter remains constant during
deformation.

3) The cross-sectional diameter remains constant during
deformation.

4) Three soft actuators constituting a one-segment soft
continuum robot are identical.

Assumption 1 is validated by previous researches with the
FEM method [18], [19], [31]. Assumption 2 is verified by the
parameter identification experiment, which will be presented in
Section V. Assumption 3 is also reasonable because the diameter
changes in the convex and concave regions are opposite during
deformation, making the effective diameter approximately un-
changed.

B. Kinematics

To parameterize the variable curvature configuration of the
soft actuator, the gradient deficient ANCF method is em-
ployed [32], [33]. In this method, each soft actuator is dis-
cretized into n elements by n + 1 nodes, which are set along its
backbone. As shown in Fig. 3, for the ¢th element with original
length [, the states are parameterized by a reference arc length
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Fig. 3. Schematic illustration of the configuration parameterization of

a variable curvature soft actuator based on the ANCF method.

parameter = € [0,!]. Then, the global position of an arbitrary
point r(z) € R? is defined as a function of the reference arc
length parameter. Besides, the position gradient of an arbitrary
pointr, (x) € R3is also adopted to describe the rotation motion,
where (-), denotes the derivative with respect to . These two
vectors define the vector of nodal coordinates as

a(z) = t7(x) rl(z)]" R )

Using the ith nodal coordinates g7 and (i + 1)th nodal coordi-
nates qiTH, the global displacement field of the ith element r(z)
can be given by

r(z) = S(z)q’ (6)
where S(x) € R¥!2 is the shape function and q'=
[a” qZ,]". The explicit expression of S(z) is expressed as

S(z) = [5113 sI3 315 3413]
s1=1—36 428
s5=1(£-28+8)

53 =362 -28
=1(-&+8)
where £ = z/l and I3 is a 3 x 3 identity matrix. Based on this

parameterization method, the Green strain tensor €(x) and the
curvature k(z) along the ith element can defined as

{s(x) =1 (rTr, — 1)

@)

k(x) = =3

(@) llee

where (), denotes the second derivative with respect to z. By
combining the nodal coordinates of all soft actuators, the nodal
coordinate of a soft actuator g € R"s is given as

a=[a @ Gng—1  Gn, ]T~ )

C. Kinetostatic Model

According to assumption 1, the deformation of the soft contin-
uum robot can be divided into two stages: 1) the internal pressure
drives each soft actuator to elongate or contract and 2) the closed
kinematic chain enforces actuators to bend.
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In the first stage, the mechanical equation of one soft actuator
involves the pressure-related force F),, the deformation-related
force Fy, and the external force F, which is given as

E,—-Fy—F,. =

4

After solving (10), the stretch ratio A is obtained. The length of
the ANCF element changes from [y to [, which equals Aly.

In the second stage, the length remains approximately con-
stant according to assumption 1, which implies ||r,(z)|| =~ 1.
Under this circumstance, the curvature x(z) in (8) can be
simplified as

TPD2 — k(A) (A — 1)l — F. = 0. (10)

(1)

Moreover, the work done by the actuation pressure can be
neglected since the volume of the soft actuator’s chamber re-
mains nearly constant. For the ith element, according to the
principle of virtual work, the generalized external forces equal
the generalized internal forces [11], [34]

Q.-Q,-Q;=0
where Q¢, Q¢, and QZ are the generalized elastic forces, the
generalized grav1tat10na1 forces, and the generalized external
forces, respectively.

For the concentrated force F applied at ,, the corresponding
virtual work is

Wi =F"or (z,)

K(x) = [Tzl -
(12)

=FTS (z,) dq". (13)

The generalized external force is the variation of the work done
by the concentrated force, which is expressed by

N\ T
. oW,
7 f T
= g =S (z,) F.

For the evenly distributed gravitational force, the corresponding
virtual work is

l l
Wi = [ (e x@yte = [ (o) S@ia'ds 5)

0

(14)

where p is the linear density of the deformed soft actuator and g
is the gravitational acceleration. It should be noted that the linear
density is a function of the strain ratio A, equaling the original
linear density py divided by A. Based on (15), the generalized
gravitational force is calculated as

% aWZ T
Qg - Z - p/ S gd.’L‘

The generalized elastic force is the variation of the total elastic
potential energy with respect to the nodal coordinates. The linear
constitutive law is adopted to calculate the total elastic potential
energy since the tensile strain is small in the second stage.
Therefore, the total elastic potential energy is

(16)

o1/t
Wi = 5/ (kee® + kpr?)d. (17)

0

The independent variable = is omitted here for the sake of
concisely. Then, the generalized elastic force can be calculated
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as where 05 represents a three-dimensional zero vector and 6 is the
i . constant angle between two position gradients.
4 T T ,

The detailed expression of S, and S,, are presented in
Supplementary Material.

The nodal coordinate of the ith element q° and the nodal
coordinate of the soft continuum robot q satisfy

q' =B'q (19)
where B? € R!2%"4 is the Boolean matrix. Using the Boolean
matrix, the kinetostatic model of the soft actuator in the second

stage can be expressed as

Qe_Qg_Qf:O (20)

where
Q=3 (B)7Q.,Q, = (B)7Q;,Q;=} (B)Q}.
(21)

D. Boundary Conditions

The closed kinematic chains introduce geometric constraints,
which are considered boundary conditions during the computa-
tion process. There are two types of boundary conditions: plane
boundary conditions and connection boundary conditions.

1) Plane Boundary Conditions: Platform boundary condi-
tions arise from two resin constraints and two bases. In these
planes, the distance between any two soft actuators remains
constant. Besides, the position gradient of each soft actuator
should be perpendicular to the plane. The global position and
position gradient of the ¢th (¢ = 1, 2, 3) soft actuator are denoted
as r; and r,;, respectively. The distance between any two soft
actuators is denoted as d. Then, the plane boundary conditions
can be expressed as

(ri =) (ri =) —d* =0
2
(cZray)” = lfras]?[ras ) = 0

I‘j) =0.

(22)
rf-i (ri —

2) Connection Boundary Conditions: For a two-segment soft
continuum robot, the middle part between two one-segment soft
robots is viewed as a rigid body composed of a single ANCF
element with two nodes. This connection between the rigid body
and the soft continuum robot introduces connection boundary
conditions. Specifically, the global positions of two connected
nodes should be identical. In addition, the angle between the
position gradients of two connected nodes should remain con-
stant during the computation process. The nodal coordinates
of the rigid body and the one-segment soft continuum robot are
denoted as [r,.,r,, ] and [rg, 14, ], respectively. The first subscript
(i.e., r or s) refers to the rigid section or the soft section. Then,
connection boundary conditions are expressed as

r, —ry =03 23)
(tZrse)’ = ([Erall [Tsel cos6)® = 0

E. Explicit Model Equations

According to the above development, we can obtain the
entire kinetostatic model of the one-segment or two-segment
soft continuum robot with two sets of vector equations.

The first set of vector equations is related to the elongation
deformation of each soft actuator, expressed as

SPD%— k() (i = Do = Fog = 0 24)
where the subscript ¢ refers to the ith soft actuator.

The second set of vector equations is related to the bending
deformation of each soft actuator driven by the closed kinematic
chain. By stacking mechanical equilibrium equations of all soft
actuators into a vector Q € R™¢ and all boundary conditions
into a vector C € R"<, the second set of vector equations can
be presented as

(25)

where o € R"« is the vector of Lagrange multipliers and C4 €
R™*"a is the Jacobian matrix of the constraint vector with
respect to the nodal coordinates.

V. FORWARD AND INVERSE KINETOSTATIC PROBLEMS

In this section, forward and inverse kinetostatic problems are
first defined. Then, their equations and numerical algorithm are
presented.

A. Definition

The relationship between the actuation pressures P and the
nodal coordinates q is described by (24) and (25). Based on these
equations, both the forward and inverse kinetostatic problems
can be defined. Specifically, the forward kinetostatic problem
(i.e., the simulation task) refers to solving the nodal coordinates
q and the Lagrange multipliers « given the actuation pressures
P. In contrast, the inverse kinetostatic problem (i.e., the motion
control task) aims to solve the actuation pressures P, the nodal
coordinates q, and the Lagrange multipliers o given the desired
target qg.

B. Forward Kinetostatic Problem

Using (24), the stretch ratios A can be calculated when the
actuation pressures P are known. Therefore, the kinetostatic
model of (25) is a system of n, + n. residual equations r
with n, + n. unknown variables u = [q, aT]. The equa-
tions can be numerically solved by the Levenberg—Marquardt
algorithm [35] given the initial guess of all unknown variables,
which is described in Supplementary Material. In each step, the
unknown variables are updated in iterative the form of

—1
Uy = Ui — (Jka + /JI) J{I‘k (26)
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where k is the iteration number and y is the damping parameter.
J = Or/du is the Jacobian matrix given by

(Caa)

Q | 9 T
J=|oat "o Ca

q OTLC XNe

27

The detailed expression of (27) is presented in Supplementary
Material.

C. Inverse Kinetostatic Problem

For the one-segment soft continuum robot, the desired target
qq € R3 is typically the desired end-effector position q,, € R3.
For the two-segment soft continuum robot, the desired target
qq € R® is typically the desired end-effector position q, € R3
and the desired orientation of the local z-axis q, € R3. It should
be noted that the end-effectors on this kind of two-segment soft
continuum robots only have 5 degrees-of-freedom [36]. Thus,
it is only possible to simultaneously control the end-effector
position and the orientation of one local axis. To realize the
motion control task, additional objective equations O are defined
by

O = q.p — qp, for one-segment soft robots

0= [ Qep — Dp } , for two-segment soft robots  (28)
Y (qer - qr)

where g, and g, are the end-effector position and the ori-

entation of the local z-axis. The constant scalar v is used to

nondimensionalize the residual elements. By combining (25)

and (28), the residual equations of the inverse kinetostatic

problem r € R™a "<+ "o can be written as

Q(q,2) +Cl (g a
O(q)
C(a)

where n, is the dimension of the objective equations. The vec-
tor of unknown variables is u = AT, q7, o] € Rnatnetno,
These equations can also be numerically solved by the
Levenberg—Marquardt algorithm. The Jacobian matrix J of each
updating iteration is

=0 (29)

r =

0Q  0Q  9(C5) T
PR N 30
- Onoxno Oq Onoxnc (30)
Oncxno Cq OncX"c

The detailed expression of (30) is presented in Supplementary
Material. After solving the vector of stretch ratios, the actuation
pressures can be calculated by (24).

V. PARAMETER IDENTIFICATION
In this section, a series of parameter identification experiments
are designed and conducted.

A. Identification of Structural Stiffness

To identify the structural stiffness function k(1), the tensile
and compression experiment is conducted. A fabricated one-
segment soft continuum robot is clamped and stretched at a
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velocity of 0.5 mm/s by a universal testing machine (Instron
68SC-2, USA). The elastic force F, of each soft actuator is
then calculated by the following force equilibrium equation
F. = F,,/3 — F,, where F,, and F, are forces applied by
the testing machine and the gravity, respectively. The force-
displacement curve of each soft actuator is presented in Fig. 4(a).
A quadratic function is used to fit the measured curve whose
expressionis F, =5, 990.4A% 4+ 605.9A!l. Based on the result,
the structural stiffness function can be further calculated as
k(X)) = 576.94) + 28.9.

B. Identification of Effective Actuation Diameter

To identify the effective actuation diameter, the actuation
force-pressure curve is measured. One side of the soft actuator
is vertically clamped. The actuation pressure slowly increases
from —30 to 150 kPa, and the corresponding length of the soft
actuator [ is measured by a motion capture system. The actuation
force is calculated by the following force equilibrium equation
F, = F, — F,, where F, and F}, are the elastic force and the
gravitational force, respectively. The curve of pressures and
actuation forces is shown in Fig. 4(b), and the effective actuation
area equals the estimated slope. Based on the experimental
result, the effective actuation diameter is determined as D¢ =
8.087 mm.

C. Identification of Cross-Sectional Diameter

To identify the cross-sectional diameter, a static loading ex-
periment is conducted. As depicted in Fig. 4(c), one side of
the soft actuator is horizontally clamped without actuation.
In this case, the bending deformation of this soft actuator is
generated by the self-weight and the end load, and the stretch
ratio equals 1. The vertical displacement of the end is measured
as Az = 34.35 mm by the motion capture system. Then, the
identification of the cross-sectional diameter can be formulated
as an optimization problem as follows:

I%ifl gon+3 — Az

stQe (@) — Qg (a) — Qy () = 0. (31

Qen+3 refers to the (6n + 3)th element of the nodal coordinate q,
which is also the component of the end effector’s global position
on the z-axis. For this optimization problem, the number of
ANCEF elements is set as 20 to ensure the prediction accuracy.
The constrained optimization problem is iteratively solved by
the bisection method, and then the cross-sectional diameter is
determined as D, = 17.90 mm.

D. Determination of ANCF Element Number

Higher degrees of freedom ensure higher accuracy but in-
evitably sacrifice computational efficiency. To achieve an appro-
priate balance between these two aspects, the presented method
determines the optimal number of ANCF elements through the
convergence experiment under extreme actuation forces. This
approach ensures sufficient prediction accuracy and significant
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reductions in computational time compared with conventional
FEM methods. First, the end-effect position of the one-segment
soft continuum robot is calculated when the number of ANCF
elements is set as 20 and one soft actuator is inflated to 150 kPa.
Since the element number is large enough to ensure the predic-
tion accuracy, the calculated end-effect position is viewed as the
ground truth. Then, different element numbers (ranging from
1 to 6) are tested. The convergence error and the computation
time are applied as evaluation criteria. As shown in Fig. 4(d),
the convergence errors demonstrate a decreasing trend as the
element number increases. However, this improvement tends to
plateau when the element number exceeds 4. Conversely, the
computation time exhibits a steady increase with an increasing
number of elements. Therefore, the element number is deter-
mined as n = 4.

VI. VALIDATION EXPERIMENT

To validate the developed kinetostatic model, two experiments
are conducted in terms of end-effector position prediction and
feedforward trajectory tracking. The end-effector position pre-
diction experiment is used to validate the forward kinetostatic
mapping, and the motion control experiment is used to validate
the inverse kinetostatic mapping.

A. Experimental Setup

The experimental setup is shown in Fig. 5. The one-segment
and two-segment soft continuum robots are vertically clamped.
Three reflective markers are attached on the upper base so that
both positions and orientations of the end-effector can be mea-
sured by the motion capture system (Prime 13, OptiTrack, USA).
The motion capture system is calibrated by repeatedly waving
a calibration wand with preset markers. Then, the captured data
points are used to calculate the position and orientation of each
camera. The position accuracy of the motion capture system
is 0.15 mm, which is sufficient for the experiment. Electronic
pressure regulators (QB1XANEEN100P400KPG, Proportion-
Air) and the control module (MicroLabBox-DS1202, dSPACE,
USA) are used to regulate the actuation pressures. The forward
and inverse kinetostatic problems both are calculated by MAT-
LAB on a PC with AMD Ryzen 7 3700X processor and 32 GB
RAM.

clamp —
[~ P

segment 2
=

(a) (b)

Fig. 5. Experimental setup of the validation experiments for (a) one-
segment and (b) two-segment soft continuum robots. Three reflective
markers are attached on the upper base to measure the global position.
A clamp and weights are used to apply downward force to the end-
effector.

B. End-Effector Position Prediction

For the one-segment soft continuum robot, the workspace
boundaries are selected to validate the forward kinetostatic
model. To prevent damage to soft actuators, the maximum value
Prax and the minimum value P, of the applied pressure are set
to 150 and —50 kPa, respectively. Different weights (i.e., 0 g,
50 g, and 100 g) are attached to the end-effector. The total 18
actuation schemes are described as follows.

1) One soft actuator is evenly inflated from Py, to Prax,
while the actuation pressures of the other two soft actua-
tors are maintained at extreme pressures (Ppin OF Prax)-

2) Two soft actuators are evenly inflated from Py, to P,
while the actuation pressure of the remaining soft actuator
is maintained at extreme pressures (Ppin OF Prax)-

The predicted and measured workspace boundaries under
different weights are presented in Fig. 6(a)—(c). The predicted
workspace boundaries achieve good consistency with the mea-
sured workspace boundaries for all conditions. Besides, the posi-
tion error distributions of different weight conditions are shown
in Fig. 6(d). The root mean square errors (RMSEs) are 5.43 mm
for 0 g weight, 5.93 mm for 50 g weight, and 6.25 mm for 100 g
weight, respectively. Moreover, the maximum prediction errors
are 12.31 mm for 0 g weight, 12.98 mm for 50 g weight, and
12.56 mm for 100 g weight, respectively.
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Fig. 6. Predicted and measured workspace boundaries of the one-

segment continuum robot with (a) 0 g weight, (b) 50 g weight, and
(c) 100 g weight. (d) Distribution of position errors under three weight
conditions.

For the two-segment soft continuum robot, because of the high
degree of freedom and the structural symmetry, 4 representative
trajectories are selected to validate the forward kinetostatic
model. To prevent damage to soft actuators, the maximum value
Prax and the minimum value Py, of the applied pressure are set
to 120 kPa and —50 kPa, respectively. For the sake of brevity,
the abbreviation siaj is used to denote the jth soft actuator of the
1th segment. The actuation schemes are described as follows.

1) slal and s2al are inflated from P, t0 Prax.
2) slal and s2a2 are inflated from Py, to Ppax.
3) slal, s2al, and s2a2 are inflated from P, to Ppax.
4) slal, s2a2, and s2a3 are inflated from P, t0 Ppax.

The actuation pressure of remaining actuators remains 0 kPa.
The comparisons between captured and prediction configura-
tions and their prediction errors are presented in Fig. 7. The
experimental results suggest that prediction errors are relatively
small (below 2.5% of the robot length) under positive actuation
pressures.

C. Feedforward Trajectory Tracking

For the one-segment soft continuum robot, five trajectories
are selected: a space spiral curve, a space rose curve, a planar
circle curve, a planar spiral curve, and a planar rose curve. In
addition, the applied weights are 0 g, 50 g, and 100 g. The ex-
perimental results, including measured trajectories and tracking
error distributions, are shown in Fig. 8. The comparison between
the captured configurations and the simulated configurations is
shown in Supplementary Video S1. Measure trajectories under
different weights highly overlap, and their tracking error distri-
butions are quite similar.

For the two-segment soft continuum robot, both the end-
effector positions and the bending angles are controlled. To
ensure the elastic stability of the base segment, the applied
weights are 0 g, 25 g, 50 g, and 75 g. First, the two-segment

IEEE/ASME TRANSACTIONS ON MECHATRONICS

soft continuum robot is controlled to track a circle curve with a
bending angle of 0°, 10°, or 20°. Fig. 9 shows the experimental
results, including experimental images, measured trajectories,
position error distributions, and angle error distributions. The
position RMSEs under 0 g, 25 g, 50 g, and 75 g weights are
6.21 mm, 6.52 mm, 6.84 mm, and 8.21 mm, respectively. In
addition, the angle RMSEs under 0 g, 25 g, 50 g, and 75 g
weights are 1.53°, 1.47°, 1.84°, and 2.37°, respectively. Then,
the two-segment soft continuum robot is controlled to track a
space spiral curve, a space rose curve, a planar spiral curve, and
a planar rose curve with 0° bending angle. The experimental
results are presented in Fig. 10. Besides, the comparison between
the captured configurations and the simulated configurations is
shown in Supplementary Video S2. The position RMSEs under
0g,25g,50g,and 75 g weights are 4.18 mm, 4.83 mm, 5.07 mm,
and 6.42 mm, respectively. In addition, the angle RMSEs under
0g, 25¢, 50 g, and 75 g weights are 1.71°, 1.59°, 2.35°, and
2.12°, respectively.

D. Discussion

End-effector position prediction and feedforward trajectory
tracking experiments both validate the kinetostatic model.
Thanks to the decoupling, the kinetostatic models of the one-
segment and two-segment soft continuum robots take 0.62 s and
5.32 s to calculate the maximum deformation configurations.
Compared to the Cosserat rod-based model [37] with maximum
computation time of 5.45 s and 10.96 s, the proposed model
achieves a considerable improvement in forward simulation.
To demonstrate the tracking accuracy of the presented model,
the PCC-based model is also applied to track specified trajec-
tories, and the experimental results are shown in Supplemen-
tary Material. The experimental results demonstrate that the
ANCF-based model significantly reduces tracking errors, as it
effectively accounts for external forces and does not rely on
specific deformation assumptions. Meanwhile, Table III shown
in Supplementary Material summarizes key performance indi-
cators of approaches found in previous researches and provide
a comparison. It is clear that the proposed kinetostatic model
achieves high tracking accuracy. Furthermore, Supplementary
Material provide a dynamic performance evaluation of the two-
segment soft continuum robot. The experimental results indicate
that when the drive velocity exceeds 2.67 mm/s, dynamic effects
become significant, leading to a noticeable prediction error of
the presented kinetostatic model.

This article employs four modeling assumptions to simplify
the complex problem of modeling and control of bellow-shaped
soft continuum robots. While these assumptions are necessary
to facilitate theoretical analysis and initial model development,
their validity might be partial in broader practical scenarios.
Assumption 1 (constant volume during actuation) is supported
by the previous research works [18], [19], [31], which indicates
that the chamber volume is only related to the actuation pressure.
Meanwhile, it is also reasonable to consider the cross-sectional
dimensions as constant (Assumption 3) since they do not change
significantly during the stretching or compression process of the
actuator. Furthermore, the soft actuators comprising the parallel
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section can be carefully selected to ensure similar mechanical
properties, so Assumption 4 is also reasonable. Therefore, these
three assumptions can be generated to other bellow-shaped
soft actuators. However, although Assumption 2 (constant ef-
fective actuation diameter) is verified in Section V.B, it may
only be applicable to the specific actuators employed in this
article and cannot be directly generalized to other types of
bellow-shaped soft actuators. When applied to other soft con-
tinuum robots, the cross-sectional diameters can be expressed

as nonlinear functions of the arc length = and identified by
experiments.

To improve intrinsic safety, some soft continuum robots are
made of softer materials such as Shore hardness 10 A. These
materials exhibit more pronounced hyperelasticity compared to
the applied robot in this work. In such case, a quadratic curve
is insufficient to accurately describe the pressure-deformation
relationship, necessitating the use of a higher order polynomial
model. Meanwhile, the equation of generalized elastic forces
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needs to be derived again based on the used polynomial func-
tions. The remaining part of the modeling and control framework
can be applied in the same manner. Furthermore, to extend the
presented kinetostatic model to a dynamic model, we intend to
derive equations for dynamic forces or employ neural networks
to approximate them.

VII. CONCLUSION

In this work, we propose a kinetostatic model and a corre-
sponding feedforward controller for bellow-shaped soft contin-
uum robots, which consider both the variable curvature configu-
rations and the variable stiffness. To enhance the computational
efficiency, two simplifying approaches are applied. The first
one is to replace the original bellow-shaped soft actuators with
hyperelastic cylinder soft actuators in the calculation process
while maintaining the mechanical equivalence. The second ap-
proach is to decouple the entire deformation process into the
elongation deformation and the bending deformation, averting
the analytical derivation of actuation forces. Both approaches
avoid the need for volume discretization [38], thus reducing
the computational time. With these simplifying approaches, a
kinetostatic model is developed based on ANCF theory. Af-
terwards, the forward and inverse kinetostatic mappings are
defined and solved by the numerical solution algorithm. Finally,
the developed model is experimentally validated in terms of
configuration simulation and feedforward trajectory tracking.
Experimental results demonstrate that the model achieves low
prediction errors of configuration simulation (3.43 %). Besides,
with the feedforward controller, the two-segment soft continuum
robot can accurately follow desired trajectories with specified
bending angles, where the average position error and angle error
are 4.14 mm and 1.58°, respectively.
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